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This Thesis study the parameters estimation of the induction machine with the single-cage and double-
cage models, using the stator currents, voltages and mechanical speed from a starting transient.  The 
dynamic equations of the induction machine are expressed in the synchronous reference frame because in 
this reference the values of the direct and quadrature currents have a slower variation than those in the 
other reference frames. This reference frame is important to facilitate the data filtering. The proposed 
method for the single-cage parameters estimation introduces an approximation of the rotor flux using the 
stator currents and voltages. It has been demonstrated in the thesis that this approximation improves the 
accuracy of the calculated parameters significantly. Two different methods to calculate the parameters 
have been developed. The first is based on the linear least-square method and the second on the resolving 
of a nonlinear system of equations. A detailed error study of the parameters and predicted behavior have 
been made in the thesis. An interesting result of the error study is that it is very important that the speed of 
the points be used in the calculations. It is very important to use the points with the maximum torque 
speed and points near the synchronous speed. The thesis presents the two first methods developed for 
parameters estimation of the induction machine with double-cage model using data from a starting 
transient. The other methods known in the literature use steady state data.  Both methods use data from 
the point of maximum torque to the synchronous speed to calculate the parameters of a single-cage 
model, because the torque- and current-speed curves of this single-cage fit very well with the torque- and 
current-speed curves of the double-cage. Later, the first method uses a point with a speed near to zero 
speed and a point in the synchronous speed and other single-cage is calculated. With these two single-
cages the impedances of three points are calculated and they are used to estimate the six parameters of the 
double-cage model solving a nonlinear system of equations. The second method, called instantaneous 
power method, uses the fact that the averaged transient torque has similar values to the steady-state torque 
in the mechanical transient region. Then, several impedance values are calculated for points with different 
speeds in this region, where the effects of the double-cage are more important. Finally, with impedance 
values in the synchronous speed and the maximum torque speed obtained with the regression method and 
impedance values obtained with the instantaneous power method, a set of non linear equations are 
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Background and motivation 
Induction motor parameters estimation is an important topic as is evidenced by the fact that there are 
standards published about this matter by the IEEE: Standard test procedure for poly phase induction 
motors and generators, IEEE Std. 112-2004 [1] and the IEC: Rotating electrical machines-Part 28: Test 
methods for determining quantities of equivalent circuit diagrams for three-phase low-voltage cage 
(single- and double-cage) induction motors, IEC 60034-28 [2].  
In power system analysis, induction motor parameters are necessary for the study of the transient behavior 
of the induction motors and their contribution to short-circuit currents and power system stability. 
Another important area where the induction motor parameters are necessary is the tuning of the 
controllers of drives, e.g. current, flux and speed controllers, and for the correct tuning of the employed 
flux and torque models. 
Nowadays there are a lot of papers about the single-cage model parameters, but the estimation of the 
double-cage induction motor parameters is a topic that has been poorly studied in the literature.  
It is important to say that the study of the induction motor parameters estimation in this thesis report does 
not take in account the motor saturation. A recent work in this area is the reference [3]. 
The motivation of this work is the development of a method to estimate the parameters of the single-cage 
and double-cage induction motor model from transient measurements that can be easily obtained in an 
industrial situation. This goal can be achieved with a starting transient, from standstill to steady-state 









b Literature study 
There are many publications aimed at the estimation of parameters for control applications, as evidenced 
by bibliographic reviews [4]. In this case the methods are focused to determine only the significant 
parameters of rotor for the control application, and usually do not determine all the parameters of the 
steady-state equivalent circuit. 
Despite the large number of studies on induction motor parameters estimation, it is not a well solved 
problem. Since the majority of the works use the single-cage model, and it can be seen in [5], the motor 
measurements only can be properly adjusted with the double-cage model. 
The main techniques for estimate the single-cage induction motor parameters from experimental 
measurements are based on, 
• Steady-state measurements [6]-[7] 
• Variable frequency measurements [8]-[11] 
• Transient measurements [12]-[22] 
In steady-state measurements methods the reference [6] is one of the last studies. This method uses 
steady-state data like the starting torque and current, maximum torque, nominal torque and current, etc. 
These methods are the most employed and there are two published standards, the IEEE [1] and IEC [2]. 
The main drawback of these methods is that it is very difficult to test an induction motor when it has been 
installed in a factory, because the measurement of the torque is not trivial. A simple introduction of the 
typical steady-state test to identify the equivalent circuit parameters is in reference [7].  
There are the references [8]-[11] in variable frequency measurement methods. In these methods there are 
two different methodologies. The former has the motor powered by voltage of variable frequency, and the 
later is the use of a voltage with different frequencies, like the case of a PWM voltage waveform. 
Transient methods can be classified in three categories.  
• Kalman filter methods [12]-[14] 
• Linear Least-square methods [15]-[18] 




The extended Kalman filter is an algorithm for optimal state estimation of non linear systems in the 
presence of noise. An example of the use of an extended Kalman filter to estimate the parameters of the 
induction motor are references [12]-[14]. 
In linear least-square methods the electric machine differential equations are manipulated to eliminate the 
non-measurable magnitudes of the rotor (rotor currents or rotor fluxes). In references [15] to [18] there 
are different works that use this technique. The linear least-square method is the methodology chosen to 
develop estimation method by rotor flux approximation in this thesis. 
In the non-linear least-square methods, an error function is calculated with the measured currents and the 
simulated currents. This method is computationally worthy because each error function evaluation 
requires a transient simulation. The use of this error function in a minimization algorithm defines an 
estimation parameters method that has been applied with different modifications in references [19]-[22]. 
There are other interesting papers like reference [23] where the torque is measured in an instantaneous 
process that has resemblances with the instantaneous power method proposed in this thesis. In reference 
[24] the instantaneous measurements has been also used like variables that are rms values. 
As has been commented before, an important problem in the literature of the estimation of the induction 
motor parameters is that the single-cage model is mostly used. For low power induction motors the 
double-cage effect is not significant, but in medium power and high power induction motors the double-
cage effect is necessary to justify the experimental values of starting torque and current, which are bigger 
than the values predicted by the single-cage model. 
The estimation of double-cage parameters has been only studied using steady-state data [25] and [26]. 
The authors do not know any reference about the double-cage estimation using transient data. 
Reference [27] has a detailed study of the minimum number of parameters that characterize the double-
cage model. The estimation of the double-cage induction motor model has been included the function: 
“power_AsynchronousMachineParams” in SimPowerSystems of Matlab [28]. This function is based on 
the estimation method developed in [25] and [26]. Finally, reference [29] has a mention to the double-






1  Single cage induction motor theory  
1.1 Dynamic equations of single cage induction motor  
The induction machine rotor and stator windings are shown in Fig. 1.1 and the induction machine 
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For simplifying the electric machine equation, the equations in abc variables are transformed to 0dq 
variables using Park transformation, that is 
 ( ) ( )0( ).abc dqf P fθ=  (2) 
where the vector abcf  can be stator or rotor voltages and currents. 
The Park transformation and its inverse is defined according to the literature [30] as 
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  (4) 
where Mp, Msp, Mrp are the physical mutual inductance between stator and rotor windings, the physical 
mutual inductance between stator windings and the physical mutual inductance between rotor windings, 
respectively. θ is the relative angular position between rotor and stator (Fig. 1.1) and Lsp, Lrp are physical 
stator and rotor self inductances. Normally the rotor voltages and currents are reduced by transforming 
rotor to the stator side. Then the physical mutual inductances are equal; Mp= Msp= Mrp. Therefore in all of 
the next equations the rotor magnitudes are reduced to the stator. 
The Park transformation for variable voltages and currents is 





( ) ( )
( ) ( )
1 cos sin 0 0 0
2
1 2 2cos sin 0 0 0
3 32
1 2 2cos sin 0 0 0
3 32 2( , )
13 0 0 0 cos sin
2
1 2 20 0 0 cos sin
3 32



















    − − −    
   
    + − +    
   = 
−

   − − −   
   
   + − +   



























1 1 1 0 0 0
2 2 2
2 2cos cos cos 0 0 0
3 3
2 2sin sin sin 0 0 0
3 32( , )
1 1 13 0 0 0
2 2 2
2 20 0 0 cos cos cos
3 3








π πθ θ θ
π πθ θ θ
θ θ
π πθ θ θ





    − +    
   
    − − − − +    
   = 
   − +   
   
   − − − − +   




















Multiplying equation (1) by the inverse of Park matrix, ( )1 ,s rP θ θ− , it can be written as 
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and operating the previous equations gives 
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The stator and rotor abc variables ( sv , rv , si , ri ) and Park variables ( psv , prv , psi , pri ) are 
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and the relation between Park variables and abc variables are 
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and the parameters are defined as 
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where 0sL  is the zero leakage Park inductance, sL  and rL  are the d, q self stator and rotor Park 
inductances, respectively and M is magnetizing Park inductance between stator and rotor. In Park 
transformation function of the values of the angles, the motor dynamic equations can be expressed in 
three reference frames; the rotor, the stator and the synchronous reference frames. 
In rotor reference frame, the angles of Park transformation are 0rθ =  and s m mdtθ θ ω= = ∫ . The 
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and the torque equation is 
 ( ) ( )rd sq rq sdt M i i i iΓ =℘ −  (15) 
where℘  is the number of pole pairs. 
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and the torque equation is 
 ( ) ( )rd sq rq sdt M i i i iΓ =℘ −  (17) 
In synchronous reference frame the angles of Park transformation are .r ss tθ ω=  and s stθ ω= , where the 







=  (18) 
where ℘  is the number of pole pairs and sω  is the synchronous speed, defined as 
 2. .s fω π=  (19) 
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 +    
    + − −    
    +
=     
+    
    − + −       +    

 (20) 
and the torque equation is 





1.2 Ku transformation of the single-cage induction motor equations 
The Ku transformation is defined as 
 ( ) ( )2 1 2
2 2
1 1 1 1
1 11 . . ; . .
3 31 . . . .
j j
j j j j j
j j j j j
e e
K a e a e K e a e a e
a e a e e a e a e
θ θ
θ θ θ θ θ
θ θ θ θ θ
θ θ
−
− − − − −
−
   
   = =   
     
 (22) 
where the operator a is defined as 1120a = °  and ( ) ( )cos sinje jθ θ θ= + . The transformed stator and rotor 
voltages are 
 [ ] ( ) [ ] [ ] ( ) [ ]1 1;ks s s kr r rv K v v K vθ θ− −   = =     (23) 
and the transformed stator and rotor currents are 
 [ ] ( ) [ ] [ ] ( ) [ ]1 1;ks s s kr r ri K i i K iθ θ− −   = =     (24) 
being the variables in the abc variables 
 [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ], , ; , , ; , , ; , ,s sa sb sc r ra rb rc s sa sb sc r ra rb rcv v v v v v v v i i i i i i i i= = = =  (25) 
and the variables in Ku coordinates; forward, backward and homopolar variables, 0fb, are 
 [ ] [ ] [ ] [ ]0 0 0 0, , ; , , ; , , ; , ,ks s sf sb kr r rf rb ks s sf sb kr r rf rbv v v v v v v v i i i i i i i i       = = = =         (26) 
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    + + + +   
     
        + − − +         = 
+ 
       + − + +    



























                       
     − − + −          
  (27) 
The Ku transformation of the voltage-current equations in synchronous reference frame with the angles  
r ss tθ ω=  and s stθ ω=  produces a system of differential equations in homopolar, forward and backward, 
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  +  
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   + − −
  =  
+   








In equations (28) first and fourth rows are decoupled. They are the homopolar components. The second 
and fifth rows are independent of other equations and are only function of the forward variables (stator 
and rotor). These equations can be written as 
 
( )( ) ( )
( ) ( )( )
s
r0 + +
s s s s s r
s s r s r
v R L p j i M p j i
M p js i R L p js i
ω ω
ω ω
= + + + +
= + +
 (29) 
and torque equation is 
 *( ) 2 Im( )s rt M i iΓ = ℘  (30) 
We can work only with the forward variables because the backward variables are complex conjugated of 
the forward variables. 
In the stator reference frame ( 0,s r mθ θ θ= = − ) the voltage-current equations in 0fb variables are 
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ω ω
+    
    +    
    +
=     
+    
    − + −
        + + +    
(31) 
In this case, the second and fifth equations are also decoupled of the other equations and rotor voltage is 
zero then the equation can be rewritten as 
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( ) ( )( )0
s s s s r
m s r r m r
v R L p i Mpi
M p j i R L p j iω ω
= + +
= − + + −
 (32) 





 *( ) 2 Im( )s rt M i iΓ = ℘  (33) 
Then 0fb variables in rotor reference frame ( , 0s m rθ θ θ= = ) are 
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v iR L p
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v iR L p
v iMp R L p
v iMp R L p
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ω ω
+    
    + + +    
    + − −
=    
+    
    +
        +    
(34) 
where the forward variables also are decoupled in the equations   
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s s s m s m r
r s r r r
v R L p j i M p j i
v Mpi R L p i
ω ω= + + + +
= = + +
 (35) 
and torque equation is 





1.3 Ku- Park Relation of the single-cage induction motor equations 
The Ku transformation of the voltage variables are 
 [ ] ( ) [ ] [ ] [ ] [ ]1 0; , , ; , ,ks s s s sa sb sc ks s sf sbv K v v v v v v v v vθ−   = = =     (37) 











sf sa sb sc
j j j
sb sa sb sc
v v e ae v a e v
v v e a e v ae v
θ θ θ
θ θ θ
− − −= + +
= + +
 (38) 
that results in 
( )
( )
1 2 2 2 2cos sin cos sin cos sin
3 3 3 3 3
1 2 2 2 2cos sin cos sin cos sin
3 3 3 3 3
sf sa sb sc
sb sa sb
v j v j v j v
v j v j v j
π π π πθ θ θ θ θ θ
π π π πθ θ θ θ θ θ
           = − + − + + − + + − − + − −           
           
         = + + − + − + + + +        






where the angle depends on the reference frame. 
The Park transformation of the voltages are 
 ( ) [ ] [ ] [ ]1 0; , , ; , ,ps s s s sa sb sc ps s sd sqv P v v v v v v v v vθ−      = = =        (40) 
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3 3 3
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π πθ θ θ
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    = + − + +    
    
    = − − − − +    
    
 (41) 
The relation between the Ku transformation and the Park transformation is 
 ( ) ( ), , , , , ,1 1;2 2s rf s rd s rq s rb s rd s rqv v jv v v jv= + = −  (42) 





1.4 Steady-State Equivalent Circuit of the single-cage induction motor 
Using the Ku equations (29) in synchronous reference frame  
 
( )( ) ( )
( ) ( )( )
s
r0 + +
s s s s s r
s s r s r
v R L p j i M p j i
M p js i R L p js i
ω ω
ω ω
= + + + +
= + +
 (44) 
and taking in account that a system of symmetrical voltages has a constant forward voltage in this 
reference frame. The steady state current will be also constant, and the steady state conditions in the 
synchronous reference frame are 
 0 ; 0s rpi pi= =  (45) 
Thus the induction machine equations in synchronous reference frame in steady-state are 
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=  (47) 
Then the equations can be rewritten as 
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 = + + 
 
 (48) 
Adding ( )( )s sM M j iω−  and ( )( )s rM M j iω− in the first and the second equation of (44) respectively 
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= + − + +
 = + + + − 
 
 (49) 
where the steady-state circuit parameters are defined as 
 ;sd s rd rL L M L L M= − = −  (50) 
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 = + + + 
 
 (51) 




















1.5 Simulation of induction motor equations in different reference frames  
In the study of the parameters determination from the transient measurements we must decide to work 
with abc variables and consequently with Park transformed variables in stator or rotor or synchronous 
reference frames.  
In this part a comparison of different reference frame stator currents is presented for the induction 
machine of Table. 1.1. The transient data has been calculated using the program Simulink [31].  
Table. 1.1. Induction machine data 
fs(Hz) Vsph(V) Rs(Ω) Ls(H) Lm(H) Lr(H) Rr(Ω) Pole pairs Sn(VA) J(kg.m2) 
50 220 0.4 0.3246 0.3183 0.3246 0.4 1 4.5k 0.08 
 
All the transient data are derived from free acceleration test where the mechanical torque (load) is zero.  
Fig. 1.3 shows the voltages and currents of phases a, b, and c, that can be measured in the laboratory. Fig. 






































   2  1.6  1.2  0.8  0.4    0 





In Fig. 1.5 the stator d, q voltages and currents can be observed in synchronous reference frame. The 
voltages are constant because in the synchronous reference frame symmetrical voltages result in constant 
values. 
Fig. 1.5 shows the transformed direct and quadrature currents that are much smoother than those in the 
 
Time (s) 
















































stator or rotor references (Figs. 1.6 and 1.7). 
Direct and quadrature Park voltages and currents in synchronous reference frame are calculated from the 
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    
    = + − + +    
    
= − − −
2 2sin
3 3sc s
iπ πθ    − +    
    
 (52) 
where the angle is calculated with 
 s stθ ω=  (53) 




































that the voltage and the current have the big oscillations in the mechanical transient region. It is 
interesting to compare them with the synchronous reference frame results in Fig. 1.5, where the voltage is 
constant and the current has lower oscillations in the beginning of the transient region (electrical 
transient) and is very smooth in the last region of the transient (mechanical transient). These facts are of 
great interest because in the numerical process to determine the parameters of the induction machine, it is 
necessary to calculate the first and the second derivatives of the currents and the first derivative of 
voltages. Therefore, the synchronous reference frame allows having less numerical errors than those in 
the rotor reference frame. 
Direct and quadrature Park voltages and currents in rotor reference frame are calculated from the 
laboratory data using the equations (52) and the angle 
 s m mdtθ θ ω= = ℘∫  (54) 
where mω  is the measured mechanical speed and ℘  is the number of pair of poles.  
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currents present oscillations all the time. The use of this reference to develop the algorithm for parameter 
estimation is not adequate because it presents problems with the numerical derivatives. 
The direct and quadrature voltage and currents in the stator reference frame are calculated with the 
equations of (52) and using the angle 
 0sθ =  (55) 
In this case the expression of (52) is simplified to the equations 
 
2 ; 2
3 2 2 2 2
2 ; 2
3 2 2 2 2
sb sc sb sc
sd sa sq
sb sc sb sc
sd sa sq
v v v v
v v v
i i i i
i i i
   = − − = −   
   
   = − − = −   
   
 (56) 
As a summary of this presentation of the different reference frames, the synchronous reference frame is 
the best reference to work because the stator currents have oscillations of small magnitude during the 


















































This is very important especially due to the noise effect over the laboratory measurements; however, the 
parameter estimation process is developed in the rotor reference frame in many papers [16],[17]. 
Fig. 1.8 shows the plot of different transient magnitudes of single-cage induction machine. The first part 
of the transient has been eliminated because it is a region with great oscillations and then great values of 
the derivatives. The magnitudes of interest which are used as data for estimation are md
dt
ω ; derivative of 
rotor speed, , , ,sq sqsd sd
di dvdi dv
dt dt dt dt
; derivative of d, q currents and voltages respectively and 
22
2 2,
sqsd d id i
dt dt


























































Fig. 1.9. a. mechanical rotor speed, b. derivative of mechanical rotor speed and c. rotor d, q fluxes in 








































































































































Fig. 1.10. a. Stator d current id derivative, b. Stator q current iq derivative, c. Stator d current id second 




In Fig. 1.8 to 1.10 there are important machine magnitudes including d, q stator currents, mechanical rotor 
speed, rotor speed derivative, rotor d, q fluxes, the first and the second derivative of the stator d, q currents, 
respectively. The maximum value in speed derivative in Fig. 1.9b shows the point of maximum torque. In Fig. 
1.8 and 1.9.a, the d, q currents and speed are respectively shown in synchronous reference frame that does not 
have oscillations after electrical transient region. Fig. 1.9.c shows the rotor fluxes. Fig.1.9.b and Fig. 1.10 
shows first derivative of speed and also first and second derivative of the stator d, q currents in synchronous 







1.6 Single cage induction machine second order differential equations in 
synchronous reference frame 
According to explanation of section 1.5, synchronous reference frame is the best reference frame for 
estimation of machine parameters. For machine parameters estimation in synchronous reference frame, 
stator currents and voltages and derivatives of them are calculated in d, q system. Dynamic voltage-
current equations using Ku complex transformation in synchronous reference frame are 
 
( )( ) ( )
( ) ( )( )
( ) ( ) ( )
0
*2 Im ,
s s s s r
s r r r
s r m
v R L p j i M p j i
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= + + + +
= + + + +
= ℘ = −℘
 (57) 
where ℘  is the pole pairs , p is the operator derivative 
d
dt
, ω is the synchronous speed, mω is the 
mechanical rotor speed and s is the slip.  
The main problem is that rotor magnitudes cannot be measured. Therefore, rotor currents must be 
substituted by other measurable magnitudes in above equations. These magnitudes are the first and 
second derivative of stator current and the first derivative of stator voltage. This process of substitution 
uses the rotor fluxes that are approximated by the stator fluxes. The development is made using Ku 
variables, because the analytical process is clearer. The rotor currents can be expressed as 
 ( )1s s s r r r s
r r r s r
L i Mi
i Mi





⇒ = −= + 
 (58) 
Then voltage-flux equations of stator and rotor of induction machine are 
 ( ) ( )
2
s s s s r
r r




= + − + + +     
 (59) 
Since the rotor voltage rv is zero, the second equation of (57) and equation of (59) gives 
 ( )( )0 r rs m r
r r




= − + + + −℘ 
 
 (60) 
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 (61) 
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    
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    
= − + + −℘    − −    
= = − − −℘
 (64) 
Operating the expressions of A and B simplifies the equations to 
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Substituting the derivative of rotor flux (70) in the stator current equations (71) gives 
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 (72) 
which can be rewritten as 
( ) ( )
2
2
1 1s s m s
m s m m r r
r r r r s
d i di d dvMj j i j j j
dt T T T T dt L dtdt
ωβ βγ ω ω β ω β ω ω ψ βψ
σ
    
= − − + − ℘ − − ℘ + −℘ − ℘ +    
    
 (73) 













the following expression is obtained 
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The equations (75) are rewritten as 
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Substituting rotor flux (76) from above equation to the second derivative of stator current (73) gives 
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which can be simplified as 
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Then, the coefficients Ki are defined as 
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All the references [15 to 18] use the approximation of zero speed derivative; md
dt
ω  i.e. it can be neglected 
so that the rotor flux is eliminated in these equations. In this thesis this strategy is improved by a better 
approximation. This will be studied in section 1.9. 
Using the coefficient Ki equation (78) can be rewritten as 
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and simplifying results 
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and finally changing the sign of the equation gives 
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This complex equation expressed in d, q variables results in two real equations. The real part is 
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and the imaginary part results 
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and, it can be written in a more compact expression as 
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From the K parameters 
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1.7 Induction machine second order differential equations in the rotor 
reference frame 
In the rotor reference frame, the induction machine second order differential equation can be obtained 
from the synchronous reference frame, imposing that mω ω=℘ , then the vector of K-parameters is 
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and the equation [ ][ ] [ ]=A K B  results 
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The parameters Ki are determined from the induction machine parameters while K3 in rotor reference 
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1.8 Induction machine second order differential equations in the stator 
reference frame 
In stator reference frame, the induction machine second order differential equation can be obtained from 
the synchronous reference frame imposing that 0ω = , then the vector of K-parameters is 
 [ ] 1 2 3 4 5
TK K K K K=   K  (98) 
and the equation [ ][ ] [ ]=A K B  results 
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The parameters Ki are determinate from the coefficient of the induction machine while K3 in stator 
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1.9 Flux approximation in synchronous reference frame  
The rotor of the induction motor is not usually accessible. Consequently, rotor currents and fluxes cannot 
be measured. In synchronous reference frame an approximation for the rotor flux can be obtained using 
the relation 






+ = +  (104) 
and operating 
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and finally the rotor flux is obtained from stator magnitudes as 
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From the voltage-current equation (57) and (58) and approximation of the stator flux sψ  can be obtained 
because the influence of sR is negligible and sψ is approximately constant 
 s s s s sv R i p jψ ωψ= + +  (107) 
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The complex equation in direct and quadrature variables, d, q, results in two real equations  







= − = − −  (110) 
Fig.1.11a shows that sdψ  and sqψ  are nearly constant when the electrical transient is finished. This 
supports the approximation of equation (108). Fig.1.11b shows the variation of rdψ  and rqψ  that is 
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Then using approximation of rotor fluxes equations in equation (86), gives 
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and in a more compact expression, it can be written as 
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1.10 Error influence on BD and BQ  coefficients 
To analyze the influence of the error introduced by the derivatives of currents and voltages in 
synchronous reference frame in equations (113) and (114) terms |bd| and |bq| are defined as 
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The quantities |b2d|, |b1d|, |b0d|, |b2q|, |b1q|, |b0q| are defined as 
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Fig. 1.13. shows the relative weight of each term in (116). From these results, it can be concluded that the 
terms that have a significant influence are those corresponding to the transformed currents, i.e., b0d and 
b0q. Less important terms are those including the first derivatives, and the terms with the second 
derivative are negligible. The most important result from this study is that the errors introduced by the 
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2 Least-square regression method 
2.1 Least-square theory 
The Least-square method with two variables is the method of finding the best fit straight line for the 
observed (known) pairs (xn, yn), i.e. yn = axn+ b, where n is the number of pairs of data.  
Thus, the problem is finding values of coefficients a, b in  
 .n ny a x b= +  (117) 
that minimizes a quadratic error. 
For simple explaining the method, in equation of y ax b= + if there is the best fit, the errors equations 
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For this reason, the variance ( 2 ( )y ax bσ − + ) should be minimized. The variance shows how good a fit is. Also 
the importance of variance is more than that of mean value because in variance larger errors are weighted 
more than the errors in medium equation so that variance is used for least square method [33], then 
 ( )( )22 ( )
1
1 N






= − +∑  (119) 
To minimize the error, as a function of parameters a and b 
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the estimated parameters can be derived from 
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In the general case with K variables ( 1nx , 2nx , ..., knx , ny  ) the least-square method search the best (
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and the calculation of the coefficients K that minimizes the error can be made with 





2.2 Application of the regression method to the single-cage induction machine 
parameters determination. 
The single-cage induction motor second order differential equations with the rotor flux approximation 
gives for each experimental point two equations in (111) to obtain the K-parameters. This equation is 
repeated for clarity 
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From the K-parameters 
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The minimum number of points to determine the induction machine parameters are three points. Then the 
minimum number of equations are six. In this case, the linear system of equations that must be solved is 
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The K-parameters are determined with 
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In the case of using n points, the 2n equations produces an over determined linear system of equations 
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that can be solved with the multidimensional regression method 
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where [ ] 1 2 31 32 4 5 .







2.3 Error determination of the estimation method using Tm, Ts, Is and In 
Steady-state magnitudes for error determination are calculated from steady-state circuit of Fig. 2.1. The 
motor steady-state error magnitudes are maximum torque; Tm, starting torque; Ts, starting current; Is and 









Maximum torque and current in steady-state circuit are derived from below equations 
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The starting torque and current in slip equal to 1 (starting slip) is calculated from equations 
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Then the error of the method is quantified with the machine magnitudes 
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where the subscript real is for real magnitudes and subscript est is for estimated magnitudes. 
The reason that these magnitudes are selected for error quantification is that these errors sensitivities to 
resistances and reactances of machine are better than other parameters. In reference [27] it is commented 













3 Errors study of the regression method  
In this chapter the errors in the single-cage parameters estimation using the least square method are 
studied. This method usually works with a lot of data, because it is an over determined problem, and the 
solution is optimal in the sense that optimizes a criteria of error that previously has been determined. 
In the problem of the single-cage parameters estimation, there are other sources of errors, different of the 
experimental measurements. They are the different approximations of the numerical equations that are, 
• Speed derivative term elimination 
• Rotor flux approximation 
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To try to understand the significance of this kind of errors and the influence of the position of the points 
used in the estimation, the study use only three points, which are the minimum necessary data, that give 
six magnitudes to obtain the six parameters calculated in the regression method.  
As it has been previously commented, the errors are defined as steady-state maximum torque; Tm, starting 
torque; Ts, starting currents; Is and no load current; In from steady-state circuit equations (equation 150). 
The no load acceleration test data has been generated by simulation using the Power-System of Matlab 
program [31]. For this study three zones are considered. The first zone, between the mechanical transient 
(the end of electrical transient) and the maximum torque called zone ≠1. 
The second zone between the maximum torque and the steady-state is zone ≠2 and the third zone is the 
steady-state region called zone ≠3. The study of error estimation with 3-data points regression method is 
fixing two points in two regions and changing the third speed point position in special zone. 
The Figs. 3.1 to 3.3 include the fixed points in black color and the moving point positions in orange color. 
In some results of estimation with regression method, it is needed to separate the second region of Fig. 3.2 
for clarity of error study in another figure shown in Fig. 3.3. 
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3.1 Influence of flux approximation 
In all the figures of this and next section the starting transient at no load of motor in Table 3.1 has been 
studied. In Figs. 3.4 to 3.9 the step size; 0.0001[s] is used to calculate the derivatives and an inertia of J= 
0.08[kgm2] is considered. 
Table.3.1. Induction machine data 
fs(Hz) Vsph(V) Rs(Ω) Ls(H) Lm(H) Lr(H) Rr(Ω) Pole pairs Sn(VA) J(kg.m2) 
50 220 0.4 0.3246 0.3183 0.3246 0.4 1 4.5k 0.08 
 
Fig. 3.4 shows the maximum torque error in the different speed points for the case of the speed derivative 
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Fig. 3.4. Relative error of Tm-Speed for speed (ω1 changes between 94 and 317; ω2=296; ω3=314.4) 
with regression method and h=0.0001 and J=0.08, with exact rotor flux; the line with square, with 
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Fig. 3.5. Relative error of Tm-Speed for speed (ω2 changes between 94 and 317; ω1=94; ω3=314.4) 
with regression method and h=0.0001 and J=0.08, with exact rotor flux; the line with diamond, with 








ω3=314.4[rad/s], that corresponds to a point near the maximum torque point and another in the steady-
state speed, respectively. In this figure the point that moves has speeds between 94[rad/s] to 317[rad/s] 
(before steady-state the speed is more than synchronous speed). The influence of the speed derivative 
term is not negligible in contrary of the usual hypothesis in the literature that eliminates the term of the 
speed derivative. In the Fig. 3.4 the error in the maximum torque using the rotor flux approximation 
(equations 110) is represented with diamonds connected to a blue line. This error is very low and 
confirms that the rotor flux approximation is a significant improvement in comparison with speed 
derivative term elimination (zero flux approximation).  
As this study of the errors is based on data obtained from simulation, the exact value of the rotor flux is 
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Fig. 3.6. Relative error of Tm-Speed for speed (ω2 changes between 296 and 317; ω1=94; ω3=314.4) 
with regression method and h=0.0001 and J=0.08, with exact rotor flux; blue line with diamonds, 
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Fig. 3.7. Relative error of Ts-Speed for speed (ω1 changes between 94 and 317; ω2=296; ω3=314.4) 
with regression method and h=0.0001 and J=0.08, with zero rotor flux; black line with circles, with 





calculated using the exact value of the rotor flux (equations 86). Fig. 3.4 shows that error with squares 
connected to a red line, is always near to zero. This fact confirms that the main source of this error in the 
method is the rotor flux that can not be measured. Fig. 3.5 shows the maximum torque error study similar 
to Fig. 3.4, but in this case the two fixed points are ω1=94[rad/s] and ω3=314.4[rad/s] and the position of 
the second point changes between speeds 114[rad/s] to 317[rad/s].  
The maximum torque error using the speed derivative elimination is represented with circles connected 
with a green line, and it can be observed that the errors are very high. The case with the rotor flux 
approximation is represented with square connected with a red line, and when the speed point is moved 
far from the maximum torque speed in zone 1, the maximum torque error also is very high. To validate 
the calculation process, the error has been calculated using the exact rotor flux, and this has been 
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Fig. 3.8. Relative error of Ts-Speed for speed (ω2 changes between 94 and 317; ω1=94; ω3=314.4) with 
regression method and h=0.0001 and J=0.08, with exact rotor flux; blue line with diamonds, with 
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Fig. 3.9. Relative error of Ts-Speed for speed (ω2 changes between 296 and 317; ω1=94; ω3=314.4) 
with regression method and h=0.0001 and J=0.08, with exact rotor flux; blue line with diamonds, 





The main conclusion of this comparison is that the points used to calculate the induction motor 
parameters must include always a point at steady-state speed and another point near the maximum torque 
speed. This idea is confirmed in Fig. 3.5, because in the red line with squares when the moving point goes 
near the maximum torque speed, the errors are very low. Fig. 3.6 is a zoom of Fig. 3.5 to show that the 
rotor flux approximation has a low error when a point is in this region. 
Fig. 3.7 to 3.9 show the relative error of the starting torque; Ts for exact rotor flux, rotor flux 
approximation and zero rotor flux (speed derivative term elimination). In Figs. 3.7 to 3.9, 
inertia=0.08[kgm2] and step size for the derivative calculation is 0.0001[s]. In Fig. 3.7 just the first point 
changes and point 2 is fix at 296[rad/s] in zone 2 and point 3 is fix at 314.4[rad/s] in zone 3. In Fig.3.8 
just the second point changes in region 1 and 2 between 94[rad/s] (sometimes 114 to avoid having 2 
points on each other) to 317[rad/s] and point 2 is fix at 94[rad/s] and point 3 is fix at 314.4[rad/s]. In Fig. 
3.7 red solid line with squares is starting torque relative error with exact rotor flux that is very low. Blue 
line with diamonds is Ts relative error with rotor flux approximation that is low. Black solid line with 
circles is this error with zero rotor flux that is high and it is the usual method in the literature [15]. In Fig. 
3.8 green line with circles is Ts error with zero rotor flux. The red line with squares is error of Ts with 
rotor flux approximation and blue line with diamonds is the Ts error without approximation (with exact 
rotor flux).  
Fig. 3.9 is a zoom of Fig. 3.8 in zone 2 that shows that the error in the starting torque with rotor flux 
approximation is less than 0.03.  
The main conclusion of all figures in this chapter is that the errors are low in 2 cases with rotor flux 
approximation. One case is for two points in zone 2 that one of them is maximum torque point and the 
third point in zone 3. Another case is with three points in three different regions that one point is in the 





3.2 Influence of step size on the maximum and starting torque relative errors 
In this study rotor flux approximation has been used. The inertia of the motor is 0.08[kgm2]. The study 
has been executed with three step sizes for derivative calculation; h=0.0001[s], h=0.001[s] and h=0.01[s]. 
In Fig. 3.10- 3.15 relative error of maximum torque Tm and starting torque Ts are shown. In Figs. 3.10 and 
3.13 that are Tm and Ts errors respectively, just the first point changes between regions 1 and 2 from 
94[rad/s] to 317[rad/s]. In Figs. 3.11 and 3.14 that include Tm and Ts errors respectively, just the second 
point changes between region 1 and 2. 
In Fig. 3.10 and 3.13 red solid lines with squares are Tm and Ts relative errors respectively for step size 
0.01, blue lines with diamonds are these errors for step size 0.001 and black solid lines with circles are 
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 Fig. 3.10. Relative error of Tm-Speed (ω1 changes between 94 and 317; ω2=296; ω3=314.4) with 
regression method and flux approximation and J=0.08, with h=0.01; red line with squares, with 
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Fig. 3.11. Relative error of Tm-Speed (ω2 changes between 94 and 317; ω1=94; ω3=314.4) with 
regression method and flux approximation and J=0.08, with h=0.01; red line with square, with 






In Fig. 3.11 and 3.14 red solid lines with squares are Tm and Ts relative errors respectively for step size 
0.01, blue lines with diamonds are these errors for step size 0.001 and black solid lines with circles are 
these errors for step size 0.0001. Figs. 3.12 and 3.15 are zoom of Figs. 3.11 and 3.14 respectively in zone 
2 of moving point. The result of these figures is that good estimation is in zone 2.  
This study shows the step size change is not important while two points are the maximum torque point 
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Fig. 3.12. Relative error of Tm-Speed (ω2 changes between 296 and 317; ω1=94; ω3=314.4) with 
regression method and flux approximation and J=0.08, with h=0.01; red line with squares, with 
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Fig. 3.13. Relative error of Ts-Speed (ω1 changes between 94 and 317; ω2=296; ω3=314.4) with 
regression method and flux approximation and J=0.08, with h=0.01; red line with squares, with 






























330 275 220 165 110 
 
Fig. 3.14. Relative error of Ts-Speed (ω2 changes between 94 and 317; ω1=94; ω3=314.4) with 
regression method and flux approximation and J=0.08, with h=0.01; red line with squares, with 
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Fig. 3.15. Relative error of Ts-Speed (ω2 changes between 296 and 317; ω1=94; ω3=314.4) with 
regression method and flux approximation and J=0.08, with h=0.01; red line with squares, with 





3.3 Study of inertia influence in the error 
In this study the rotor flux approximation and step size for derivative calculation of 0.0001[s] are 
considered. The study is executed for different inertias; 0.08[kgm2], 0.2[kgm2] and 0.8[kgm2] and the 
relative error of maximum torque as a typical error is shown. 
In Fig. 3.16 to 3.18, square red lines are Tm relative error for inertia 0.2[kgm2], diamond blue lines are Tm 
errors for inertia 0.8[kgm2] and circle black solid line is this error for inertia 0.08[kgm2]. 
In Fig. 3.16 the first point changes in zones 1 and 2 between 94[rad/s] to 317[rad/s]. In this figure two 
other points are fix at ω2=296[rad/s]  and ω3=314.4[rad/s]. In this figure the maximum torque errors are 
always low. 





















330 250 210 170 130 90 290 
 Fig. 3.16. Relative error of Tm-Speed (ω1 changes between 94 and 317; ω2=296; ω3=314.4) with 
regression method with h=0.0001 and flux approximation and J=0.08; black line with circles , 























330 275 220 165 110 
 Fig. 3.17.Relative error of Tm-Speed (ω2 changes between 94 and 317; ω1=94; ω3=314.4) with 
regression method with h=0.0001 and flux approximation and J=0.08 black line with circles, 




figure two other points are fix at ω1=94[rad/s] and ω3=314.4[rad/s]. Fig. 3.18 is a zoom of Fig. 3.17.The 
result is that the error in the second region of point 2 is low. 
Finally these figures show the inertia influence has a low significance on the error estimation with 







































320 315 310 305 300 295 
 Fig. 3.18. Relative error of Tm-Speed (ω2 changes between 296 and 318; ω1=94; ω3=314.4) with 
regression method with h=0.0001 and flux approximation and J=0.08; black line with circles, J=0.2; 




3.4 Relation between estimated parameters and error 
In this study the step size is 0.0001[s], the inertia is 0.08[kgm2] and the rotor flux approximation is 
considered. In Figs. 3.19 and 3.20 black line with circles is estimated stator resistance; Rs, red line with 
squares is estimated rotor resistance; Rr, green line with triangles is estimated mutual inductance; M and 
the blue line with diamonds is the estimated stator inductance; Ls that is predefined to be equal to the rotor 
inductance Lr [25]. 
Fig. 3.19. shows estimated resistances and inductances while just the first point changes in zone 1 and 2 
between 94[rad/s] to 317[rad/s] and two other points are fix at 296[rad/s] and 314.4[rad/s]. The figure 
shows in all of speeds of point 1 the parameters are well estimated except for Rs. This parameter has good 
estimation when 2 points are in the second region and the third point is in the third region. Fig. 3.20. 
shows estimated resistances and inductances while just the second point changes between zones 1 and 2 
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Fig. 3.19. Estimated machine 1 parameters for speed (ω1 changes between 94 and 317; ω2=296; 
ω3=314.4) with regression method with h=0.0001 and rotor flux approximation Rs; black line with 


























 Fig. 3.20. Estimated machine parameters speed (ω2 changes between 94 and 317; ω1=94; 
ω3=314.4) with regression method with h=0.0001 and rotor flux approximation Rs; black line with 





small Fig. 1 inside of Fig. 3.20. Fig. 3.20 shows in all of speeds of point 1 the parameters are well 
estimated except for Rs. Small figure 2 in Fig. 3.20 is zoom of Fig. 3.20 that shows the estimation of all 
parameters and Rs in the second zone of moving point, is good.  






3.5 Influence of increasing number of points in each zone 
In this study the step size and inertia are 0.0001[s] and 0.08[kgm2] respectively. The rotor flux 
approximation is considered. The minimum numbers of points are 3 points in 3 different zones. Fig. 3.21 
shows the relative error of maximum torque; Tm in the regression-method.  
In Fig. 3.21, 3 points in 3 different zones are considered then the number of points are added in zone 1 
between 94[rad/s] to 296[rad/s] (the black line with circles), then in zone 2 between 296[rad/s] to 
314.4[rad/s] (the blue line with diamonds) and then in both zones 1 and 2 (the red line with squares) to 
see the multiple points effects in estimation. 
Finally Fig. 3.21 shows that the influence of the numbers of points is low because the error is always 
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Fig. 3.21. Influence of multiple points in zone 1, multiple points in zone 2 and  multiple points in both 
zones (1 and 2) with regression method with h=0.0001, J=0.08 and rotor flux approximation  with more 
than 1 point in region 1, one fixed point in region 2 and one fixed point in region 3; black line with 
circles, with more than 1 point in region 2, one fixed point in region 1 and one fixed point in region 3; 
blue line with diamonds, with more than 1 point in region 1 and 2 and one fixed point in region 3; red 




3.6 Comparison of estimation error for different machines 
In this study three machines of Table 3.2 are tested. The step size for derivative calculation is 0.0001[s] 
and rotor flux approximation is used in the parameter estimation. 
Table. 3.2. Parameters of three induction machine with fs=50 [Hz] 
Sn(VA)  Vs ph(V) Rs(Ω) Ls(H) Lm(H) Lr(H) Rr(Ω) ℘  J(kg.m2) 
4.5k 220 0.4 0.3246 0.3183 0.3246 0.4 1 0.08 
7.460k 460/√3 0.6837 0.15275 0.1486 0.15275 0.451 1 0.1 
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Fig. 3.22. Relative error of Tm-Speed (ω1 changes between 94 and 317 (zone 1, 2); ω2=296; ω3=314.4) 
with regression method with h=0.0001 and rotor flux approximation for machine 1 (4.5kVA); black 
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Fig. 3.23. Relative error of Tm-Speed (ω2 changes between 94 and 317 (zone 1, 2); ω1=94; ω3=314.4) 
with regression method with h=0.0001 and rotor flux approximation for machine 1 (4.5kVA); black 





In Figs. 3.22 to 3.24 step size is 0.0001[s]. The inertia of machine 1 is 0.08[kgm2], machine 2 is 
0.2[kgm2] and machine 3 is 2.9[kgm2] in these figures and the relative error of Tm for 3 sample machines 
is studied.  
In Fig. 3.22 to 3.24 red lines with squares are Tm relative errors for the third machine that is high power 
(160kVA) machine, the blue lines with diamonds are Tm relative error for the second machine (7.46kVA) 
and the black lines with circles are Tm relative error for machine 1 (4.5kVA).  
In Fig. 3.22 just the first point changes between zone 1 and 2 from 94[rad/s] to 314.4[rad/s]. The two 
other points are fix at 296[rad/s] and 314.4[rad/s]. In this figure the errors are always low. In Fig. 3.23 just 
the second point changes between zone 1 and 2 from 94[rad/s] to 314.4[rad/s] and the two other points are 
fix at 94[rad/s] and 314.4[rad/s]. Fig. 3.24 is a zoom of Fig. 3.23. The results of Figs. 3.23 and 3.24 show 
good estimation is in the region 2. The error is not sensitive to the power of machine. The main 
conclusion is that the method works for high power and low power machines while one point is maximum 
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Fig. 3.24. Relative error of Tm-Speed (ω2 changes between 296 and 317 (zone 2); ω1=94; ω3=314.4) with 
regression method with h=0.0001 and rotor flux approximation for machine 1 (4.5kVA); black line 





3.7 Study of regression method omitting steady-state point 
In this section the effect of the point in the steady-state zone on the estimation parameters errors is 
studied. In this study the step size for derivative calculation is 0.0001[s], inertia is 0.08[kgm2] and rotor 
flux approximation has been used. In Fig. 3.25, relative error of Tm is shown in red line with squares while 
ω1=94[rad/s], ω2=296[rad/s] and the speed of the third point; ω3, changes between ω1 and steady-state 
speed according to the small Fig. 2 inside of Fig. 3.25. In this figure there is not any point in the steady-
state zone. The blue line with stars is this Tm error while point 1 moves between 94[rad/s] and 
317[rad/s]and two other fix points are maximum torque point at 296[rad/s] and the steady state point at 
314.4[rad/s] shown in small Fig. 1 inside of Fig. 3.25. The conclusion is that error is not too much 





































Fig. 3.25. Relative error of Tm while ω2=296, ω3=314.4 and ω1 changes between 94 and 317 with 
h=0.0001 and J=0.08 with rotor flux approximation; blue line with stars, Relative error of Tm while 
ω1=94, ω2=296 and ω3 is changed between zone 1 and 2 and there is not steady state point with the 
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Fig. 3.26. Relative error of Tm, Ts, Is, In with flux approximation while ω1=94, ω2=296 and ω3 changes 
between ω1 and 317 with h=0.0001 and J=0.08 with rotor flux approximation for error of Tm; blue line 
with diamonds, error of Ts; red line with squares, error of Is; green line with triangles, error of In; black 




In Fig. 3.26 black line with circles is relative error of magnetizing current; In which is low. The green line 
with triangles is starting current relative error; Is, blue line with diamonds is maximum torque relative 
error; Tm and red line with squares is starting torque relative error; Ts, while the third point moves 
between zones 1 and 2 between 94[rad/s] to 317[rad/s] and point 1 and 2 are fixed at 94[rad/s] and 
296[rad/s] respectively. The main conclusion is that error is not too much sensitive to the third point in 















3.8 Study of starting and magnetizing currents errors 
The maximum and starting torques errors were studied in previous sections. In this study starting and 
magnetizing currents errors are studied. The step size for derivative calculation and inertia are 0.0001[s] 
and 0.08[kgm2] respectively and rotor flux approximation has been used. 
Fig. 3.27. shows these calculated measurements of error currents, while the first point in region 1 changes 
in zone 1 and 2 between 94[rad/s] to 317[rad/s] and two other points are fixed at 296[rad/s] and 
314.4[rad/s].Fig. 3.27. shows that the relative error of starting current (green line with squares) is always 
low. The error of magnetizing current is in black line with circles near to zero. 
Fig. 3.28. demonstrates the relative error of currents while the second point changes between 114[rad/s] to 
317[rad/s] and two fix points are at 94[rad/s] and 314.4[rad/s]. Fig. 3.29 is zoom of Fig. 3.28. Figs. 3.28 
and 3.29 show the starting current error in green line with squares and the magnetizing current error in 
black line with circles.  
These figures show that the errors are lower while the second point is moving in the second region 
between 296[rad/s] and 317[rad/s].  
The main conclusion is that the errors are low while one point is maximum torque point and other point is 
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 Fig. 3.27. Relative error of Is-speed; green with squares, In-speed; black with circles for speeds ω1 
changes between 94 and 317; ω2=296; ω3=314.4 with h=0.0001, J=0.08 , rotor flux approximation 
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Fig. 3.28. Relative error of Is-speed; green with squares, In-speed; black with circles for speeds ω2 
changes between 94 and 317 (region2); ω1=94; ω3=314.4 with h=0.0001, J=0.08 , rotor flux 
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Fig. 3.29. Relative error of Is-speed; green with squares, In-speed; black with circles for speeds ω2 
changes between 296 and 317; ω1=94; ω3=314.4) with h=0.0001, J=0.08 , rotor flux approximation 







4 Two-points method 
4.1 Two-points method and single-cage induction machine equations 
Another estimation method is based on the numerical relation of 4 nonlinear equations to find the values 
of 4 parameters of machine (Park or steady-state parameters); Rs, Rr, s rL L= , M . Then, two points 
satisfy 4 nonlinear d, q equations. This method is called two-points method. The resistances and 
inductances of machine are calculated from nonlinear current-flux d, q equations as function of six Ki 
coefficients 
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and s rL L=  results 
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(156) 
The vector of estimated parameters ([Rs Ls Rr M]) is determined by applying F-solve function of 
MATLAB , where Ls is inductance of stator that has the same value as the inductance of rotor [25]. After 
parameter estimation, the steady state induction circuit is used to calculate the four magnitudes of 
machine as maximum torque, starting torque, starting current and magnetizing or no-load current; Tm, Ts, 





4.2 Rotor flux approximation 
The same  as regression method, the rotor flux value can not be measured. Then the rotor flux 
approximation (equation 111) must be used which is repeated here for clarity. 
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4.3 Errors study of the two points method 
In this section, study of the errors of the two points method as function of the speed values of the points is 
presented. Parameters of single cage wound induction machines are according to Table 4.1. 
In the simulation with MATLAB SIMULINK 2011, simulation stop time or run time is 2[s] and the total 
number of points is 20000 and the step size or precision in the quantifying method is 0.0001[s]. 
 
Table. 4.1. Parameters of three induction machines with fs=50 [Hz] 
Sn(VA)  Vs ph(V) Rs(Ω) Ls(H) Lm(H) Lr(H) Rr(Ω) ℘  J(kg.m2) 
4.5k 220 0.4 0.3246 0.3183 0.3246 0.4 1 0.08 
7.460k 460/√3 0.6837 0.15275 0.1486 0.15275 0.451 1 0.1 
160k 400/√3 0.01379 0.007842 0.00769 0.007842 0.007728 1 2.9 
 
The simulation results of the chapter 3 showed that for good estimation one point in zone 2 (maximum 
torque point) and another point in zone 3 (steady-state point) are necessary. This chapter studies the effect 
of speed position in machine parameters estimation. 
In this method just two points are used. For this study three regions are defined according to the Figs. 4.1 
to 4.3. The first region or zone is between mechanical transient after starting oscillations (electrical 
transient region) and the maximum torque point. The second region is between maximum torque point 
and the steady-state zone. The third region is steady-state region. According to the Figs.4.1 to 4.3 the idea 
is working with the orange circle points in regions 1 and 2, while the second black circle point in zone 3 is 








































































































4.3.1 Study of influence of rotor flux approximation 
In this part constant inertia 0.08[kgm2] and step size for derivative calculation; 0.0001[s] for machine 1 of 
Table 4.1, are considered in three states; zero rotor flux, exact rotor flux and rotor flux approximation. 
The maximum torque and starting torque relative errors are studied in Figs. 4.4 to 4.7. In Figs. 4.4 and 4.6 
errors of Tm and Ts are shown while the first point changes in region 1 between 94[rad/s] to 254[rad/s] and 
the second point is fix at 314.4[rad/s]. In these figures, red lines with squares are errors with zero rotor 
flux, blue lines with diamonds are the errors with rotor flux approximation and black lines with circles are 
the errors with exact rotor flux. The figures show that the rotor flux approximation is better than zero 
rotor flux or zero speed derivative approximation (zero acceleration of the motor in literature [15]). In 
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Fig. 4.4.  Error of Tm for inertia 0.08 and h=0.0001 for machine 1 with exact rotor flux; black line with circles,  
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Fig. 4.5. Error of Tm for inertia 0.08 and h=0.0001 for machine 1 with exact rotor flux; red line with squares, 





317[rad/s]. The second point is fix at 314.4[rad/s]. In these figures, the red lines with squares are the 
errors for exact rotor flux or without approximation. The blue lines with diamonds are the errors for rotor 
flux approximation and the black lines with circles are the errors for zero rotor flux. These figures show 
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Fig. 4.6.  Error of Ts for inertia 0.08 and h=0.0001 for machine 1 with exact rotor flux; black line with 
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Fig. 4.7. Error of Ts for inertia 0.08 and h=0.0001 for machine 1 in region 1, 2 between mechanical 
transient point and steady state region with exact rotor flux; red line with squares, with flux 





4.3.2 Study of influence of step size 
The step size is the time between the data points in quantifying-two-points-method of estimation. In this 
study, step size is considered three amounts; 0.0001[s], 0.001[s] and 0.01[s]. Also the inertia is 
0.08[kgm2]. The rotor flux approximation is considered. In Fig. 4.8 the relative maximum torque error is 
shown while speed of first point changes in zone 1 between 94[rad/s] to 254[rad/s]. The second point is 
fix at steady-state point. The error for step size 0.0001[s] is in black line with circles, the error for step 
size 0.001[s] is in blue line with diamonds and the error with step size 0.01[s] is in red line with squares. 
The figure shows that the errors are always low.  
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Fig. 4.8. Comparison of maximum torque error for different h in machine 1 for speeds between 
mechanical transient region and maximum speed in zone 1 with flux approximation and J=0.08, 
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Fig. 4.9. Comparison of maximum torque error for different h in machine 1 for speeds between 
mechanical transient region and steady state in zone 1, 2 with flux approximation and J=0.08, for 





2 between 94[rad/s] to 317[rad/s]. The second point is fix at 314.4[rad/s]. The error for step size 0.0001[s] 
is in black line with circles, the error for step size 0.001[s]is in blue line with diamonds and error with 
step size 0.01[s] is in red line with squares. The figure shows the error is low except for the points near 
the steady-state (linear dependent phenomena). The main conclusion is that step size has a low influence 






4.3.3 Study of influence of inertia 
In this part different inertias are considered. In this study the transient region speed in simulation or 
position of the first point in the first region is changed. Three inertias; 0.08, 0.2 and 0.8[kgm2] in 
simulation with flux approximation and step size equal to 0.0001[s] are considered for machine 1 of Table 
4.1. In Figs. 4.10 and 4.12 the maximum torque and starting torque errors are shown respectively. The 
speed of the first point changes from 94[rad/s] to 254[rad/s] and the second point speed is fix at 
314.4[rad/s]; steady-state. In these figures the black lines with circles are the errors for inertia 0.08[kgm2], 
the red lines with squares are for inertia 0.2[kgm2] and the blue lines with diamonds are for inertia 
0.8[kgm2]. The figures show the errors are always low. In Figs. 4.11 and 4.13 the Tm and Ts errors are 





















270 210 180 150 120 90 240 
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Fig. 4.10. Relative error of Tm for inertia 0.08, 0.8 and 0.2 and h=0.0001 for machine 1 for zone 1 before 
maximum torque point, with inertia 0.08; black line with circles, with inertia 0.2; red line with squares 
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Fig. 4.11. Relative error of Tm with flux approximation and h=0.0001 for machine 1 for zones 1, 2 before 
steady state, with inertia 0.08; red line with circles with inertia 0.2; black line with diamonds, with 





and the next point is fix at steady state speed; 314.4[rad/s]. The red lines with circles are the errors for 
inertia 0.08[kgm2], the black lines with diamonds are the errors for inertia 0.2[kgm2] and the blue lines 
with squares are the errors for inertia 0.8[kgm2]. The main conclusion is that the inertia has a low 
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0.005 
  
Fig. 4.12. Relative error of Ts for inertia 0.08, 0.8 and 0.2 and h=0.0001 for machine 1 for region 1 
before maximum torque point, with inertia 0.08; black line with circles, with inertia 0.2; red line with 
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Fig. 4.13. Relative error of Ts with flux approximation and h=0.0001 for machine 1 for region1,2 before 
steady state, with inertia 0.08; red line with circles with inertia 0.2; black line with diamonds, with 




4.3.4 Study of estimated parameters 
This study is undertaken with step size, 0.0001[s], inertia, 0.08[kgm2] and rotor flux approximation and 2 
points method of estimation. In Fig. 4.14 estimated parameters of machine 1 of Table 4.1 are shown. In 
Fig. 4.14 stator resistance is in blue line with diamonds, rotor resistance in green line with triangles, stator 
and rotor inductances are the same in red line with squares and mutual inductance is in black line with 
circles. The figure shows that the parameters are well estimated in all speeds of zones 1 and 2 between 
94[rad/s] to 317[rad/s]. The conclusion is that two points method is not too much sensitive to the position 
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 Fig. 4.14. Estimated parameters in machine 1 with rotor flux approx and h=0.0001, Rs; blue line 





4.3.5 Comparison of 3 different machines 
In this study three different machines of Table 4.1 with powers 4.5[kW], 7.46[kW]  and 160[kW] are 
selected with inertias 0.08[kgm2], 0.2[kgm2] and 2.9[kgm2] respectively while step size is 0.0001[s] and rotor 
flux approximation is considered for all machines. The method is 2-points. In Fig. 4.15 the relative error of 
Tm is shown for speeds of the first point between 94[rad/s] to 317[rad/s]. The second point is fix at 
314.4[rad/s] or steady-state speed. The blue line with diamonds is the error for machine 2, the red line 
with squares is the error for machine 3 and the black line with circles is the error for machine 1. The Fig. 
4.15 shows the relative errors are lower than 0.025. The main conclusion is that the error is not sensitive 
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Fig. 4.15. Comparison of Tm relative error for 3 single cage machines with fs=50 Hz and rotor flux  
approximation and h=0.0001, for machine 1; black line with circles, for machine 2; blue line with 




4.3.6 Study of starting and magnetizing current errors: 
In this part step size is 0.0001[s], inertia is 0.08[kgm2] for machine of Table 4.1 and rotor flux 
approximation is considered. The method is 2 points method. The Fig. 4.16 shows relative errors of 
starting and magnetizing currents for speeds of zones 1 and 2 from 94[rad/s] to 317[rad/s] while the 
second point is at 314.4[rad/s]. The green line with triangles is the error of starting current. The black line 
with circles is the error of magnetizing current.  
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Fig. 4.16. Relative Error of Is, In of machine 1 with rotor flux approximation in zone 1 (between mechanical 
transient and maximum torque point) and zone 2 (for speeds between maximum torque speed and steady state 




5 Double-cage induction machine model  
5.1 Dynamic equations 
Double-cage machine model is shown in the steady-state circuit of Fig. 5.1. This model is the same as 
squirrel-single-cage machine model. All of real induction machine models are according to Fig. 5.1.  
 
The double cage model of Fig. 5.1 using the Ku transformation in the synchronously rotating reference 
frame has the following transformed equations 
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The relation between the coefficients in the dynamic equations (159) and the steady-state star equivalent 
circuit parameters in Fig. 5.1 is 
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 (161) 
The relations between the measured currents, isa, isb, isc, and the Park variables isd, isq, in the synchronous 
reference frame ( )tθ ω=  are 
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 (162) 
and for the voltages vsa, vsb, vsc, the Park voltages vsd, vsq, are 
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 (163) 
The main problem to estimate the double-cage induction motor parameters using the dynamic equations 
(161) and (162) is that the currents i1d, i1q, i2d and i2q are not measurable. The rotor flux approximation that 
was used for single-cage estimation can not be applied to the double-cage equations to eliminate four 
unknown d, q rotor currents of the double-cage machine. 
Then two new methods for the parameter estimation of the double-cage induction machine are developed 
is this thesis. These methods are called: 
• Two single-cage method 





5.2 First proposed method: Two single-cage method. 
This first method for the double-cage induction motor model parameters estimation is based on the idea of 
calculating the parameters of two different single cages that are estimated from the starting transient data 
of the double cage machine. 
The main idea of the proposed method is 
• Cage A: The torque-speed and current-speed curves of this single-cage fit well with the torque-
speed and current-speed curves of the double-cage model in the range of speeds from the 
maximum torque speed until the steady-state speed. 
• Cage D: This single-cage has the same values of torque and current as those of the double-cage 
machine in a point (point D) near the zero speed.  
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Fig. 5.2.a. Torque of single-cage A; red 1point dashed line, Torque of single-cage D; blue dot line and 
Torque of original double-cage; green dashed line. 
5.2.b. Current of single-cage A; red 1point dashed line, Current of single-cage D; blue dot line and 




curve (green line) in the range between the maximum torque point and the synchronous speed.  
The single-cage parameters of cage A can be obtained using starting transient data of the double-cage 
machine with speed values in the range from the maximum torque point until the steady-state speed. For 
the obtaining of the single-cage parameters the regression method or the two-points method can be used. 
The more adequate method is the regression method because it can use three or more points, that normally 
will produce a more reliable result. 
The second single-cage D fits to a suitable starting point of double-cage. This starting point is as near as 
possible to the zero speed point for good estimation of this cage. The transient data near the zero speed 
has the problem of high oscillations as it can be observed in Fig. 5.3. The Fig. 5.3.a. shows d, q currents 
in black line and smoothed d, q currents in red dashed line. The Fig. 5.3.b. shows the speed in blue line 
and smoothed speed in red dashed line. 
The important point is that after this starting area the oscillations are with lower domains and can be 
smoothed to create good data for estimation. Then the near starting smoothed points are used for 








































Fig. 5.3.a. d, q currents for machine 1; black line and smoothed d, q currents for machine 1; red 





slips; 0.7, 0.6 and 0.5 respectively. 
The second single-cage (cage D) data fit the impedance value of a point near the starting point. In Fig. 
5.2.a the dot blue line is torque of single cage D that intersects the dashed green line; the torque of 
double-cage in a starting torque point. In Fig. 5.2.b the dot blue line is current of single cage D that 
intersects the current of double-cage in dashed green line at starting current point. 
With the parameters of the cage A and cage D, the necessary data to calculate the double-cage parameters 
can be obtained. These data are 
• Cage A:This cage gives the impedance values in the no load point and the maximum torque point. 
Those are two complex numbers that result four nonlinear equations. 
• Cage D: This cage gives the impedance value of the single-cage D in the speed of the point D that 
result two nonlinear equations. 
The single-cage (cage A) data fit the impedance value of two points, one at the synchronous speed; Znl and 
the other at the maximum torque speed; Zm.  
The no-load impedance is calculated from the cage A data  
 ( )X XA A As sd mNLZ R= + +  (164) 
The maximum torque impedance is obtained also from the cage A data in the maximum slip; sm, (equation 
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The impedance in the point of near starting region is obtained from the starting cage D parameters in a 
















For the double-cage model the no load impedance equation in slip equal to zero is 




The impedance in the maximum torque point of double-cage, Zm, in maximum slip sm the same as sm of 
single-cage is 
 






m m d m d
Z R j





and the impedance in the point of near starting region from double cage model in starting slip s2 the same 
as s2 of single-cage is 
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The equality equations of single cage impedances and double cage impedances create a set of equations to 
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Fig. 5.4.a Torque of estimated double-cage; black solid line and Torque of original double-cage; 
green dashed line and 5.3.b Current of estimated double-cage; black solid line and Current of 










mZ ), Re( 2
DZ ) and Im( 2
DZ ) which are 
used to find double cage parameters x = (Rs, R1, R2, Xm, Xsd, X1d) 
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where the equality restriction X2d=Xsd according to the literature [25], must be used. 
Then the torque and current of estimated double-cage and original double-cage using this method are 
according to the Fig.5.4.a and b. In these figures the black lines are torque and current of estimated double 
cage and the dashed green lines are torque and current of original double-cage respectively. The figures 
show the method is suitable for good estimation. 









Table 5.1. Parameters of Double cage induction machines with Vph=220(V), fs=50(Hz) and ℘=1 
P(kW) Rs Rr1 Rr2 Xm Xsd = Xr2 Xr1 J 
55 0.0338Ω 0.0465 0.4074 7.3084 0.1698 0.3511 0.8 
22 0.1300 0.1689 1.2269 14.977 0.5404 0.8503 0.3 
500 0.00123 0.00245 0.04817 0.76736 0.01789 0.03911 13 
 
5.3 Double cage estimation of machine 1  
In this study double-cage machine 1 of Table 5.1 is estimated by method of two single cages (A and D) 
estimation. 
Cage A is a single cage that passes from maximum point until steady state region of the double-cage and 
can be estimated by two-points method using F-solve function of MATLAB using transient stator data 
and mechanical rotor speed. Machine data have high frequency oscillations in dynamic transient region 
and these data are smoothed. After smoothing, a starting cage is estimated that passes from two points of 
double-cage torque and current curves; one point very near to this region, but not exactly in this region 
and the other in the steady-state region. Three starting-cages are estimated for slips 0.7, 0.6 and 0.5 which 
are called Cages D1, D2 and D3 or C (half speed in the literature) respectively for comparison. The 














Table 5.2. Parameters of single cage A induction machine 1 (55kW) with fs=50(Hz), Vph=220V and J=0.8 
Estimation Rs Xsd=Xrd Xm Rr 
Initial regression 0.0499Ω 0.2302 7.2480 0.0417 
Main  
Two points 0.0338 0.2303 7.2479 0.0450 
 
5.3.1 Estimation of cage A for machine 1 
The two-points-method is used for estimation of single-cage A but this technique needs initial value 
parameters so that 3-points-regression-method is used for approximated initial values estimation. The 
three points of regression method for estimation of cage A are, maximum torque point, region 2 point 
between maximum torque and the steady-state region and finally the steady-state point. The two points of 
two-points method are maximum torque and steady state points. 
The results of the initial and main estimated parameters of cage A are in Table 5.2.  
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Fig. 5.5.a. d, q currents for machine 1; black line and smoothed d, q currents for machine 1; red 






gray solid line. Fig. 5.5.b is the machine 1 (55kW) mechanical rotor speed in red point line and its 
smoothing in gray solid line. The estimation of near starting single-cage is done by smoothing of near 
starting point, because near to the starting region has lower magnitudes of oscillation than starting region. 
Then the initial starting cage D for initial value of two points method is estimated using 3-points-
regression-method with near starting, near steady-state and steady-state points. Then with near starting 










Table 5.3. Parameters of single cage D induction machine 1 (55kW) with fs=50(Hz) and Vph=220V J=0.8 S=0.7 
Estimation s Rs Xsd Xm Rr 
Initial regression 0.7 0.0063Ω 0.1947 7.2835 0.0310 
Main  
Two points 0.7 0.0338 0.1936 7.2846 0.1001 
Initial regression 0.6 0.0077Ω 0.2006 7.2776 0.0291 
Main  
Two points 0.6 0.0338 0.1995 7.2787 0.0896 
Initial regression 0.5 0.0092Ω 0.2069 7.2713 0.0270 
Main  
Two points 0.5 0.0338 0.2058 7.2724 0.0786 
 
  
Table 5.4. Parameters of double cage induction machine 1 (55kW) with fs=50(Hz) and J=0.8 
s Rs Rr1 Rr2 Xm Xsd = Xr2 Xr1 Vph ℘  
0.7 0.0338Ω 0.0496 0.3468 7.2963 0.1819 0.3689 220 1 
0.6 0.0338Ω 0.0498 0.3338 7.2918 0.1864 0.3662 220 1 
0.5 0.0338Ω 0.0502 0.3152 7.2854 0.1928 0.3629 220 1 
 
5.3.2 Estimation of cage D for machine 1 
Three starting-cages D1, D2 and D3 are estimated for machine 1 and slips of Table 5.3 while synchronous 
frequency is 50[Hz].  
The method of estimation is two points that needs initial value. In this method two important points for 
estimation are the maximum torque and the steady-state points. The regression three points method is 
applied to approximate the initial value. The three important points in this method are the near starting 
point at the defined slip, the second region point very near to the third region that is a approximated point 
and the steady-state region point. 
The two points method for estimation of cage D are near starting torque and steady state points. 
Table 5.3 shows the results of initial parameters of single-cage D by regression estimation and real 
parameters estimation using two points method for three slips; 0.7, 0.6 and 0.5.  
Then the steady-state impedance equations of double cage estimation using two points method are solved 
to produce double cage parameters according to the Table 5.4. The results of estimated parameters of 
double-cage are very near to the real data of machine 1 in Table 5.1.This Table shows good estimation, 




In Fig. 5.6 red 1point dashed line is torque of cage A, blue dot line is torque of cage D, black solid line is 
estimated torque of double-cage and green dashed line is original torque of double-cage from starting to 
synchronous slips. This figure shows cages D1, D2, D3 torques and double-cage torque have intersection 
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Fig. 5.6 Torque of single-cage A; red 1point dashed line, Torque of single-cage D; blue dot line, Torque 
of estimated double-cage; black solid line and Torque of original double-cage; green dashed line for 




In Fig. 5.7 red 1point dashed line is current of cage A, blue dot line is current of cage D, black solid line 
is estimated current of double-cage and green dashed line is original current of double-cage from starting 
to synchronous slips. In This figure cages D1, D2, D3 currents and double-cage current have intersection in 
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Fig. 5.7 Current of single-cage A; red 1point dashed line, Current of single-cage D; blue dot line, 
Current of estimated double-cage; black solid line and Current of original double-cage; green dashed 




Table 5.5. Calculated magnitudes for error determination with smoothing for machine 1 
(55k) 
Slip D-cage Tm(Nm) Ts(Nm) Is(A) INL(A) 
0.7 
Original 457.8 370.0 568.8 29.42 
Estimated 446.2 355.5 568.8 29.42 
Relative 
Error% 2.53 3.91 0 0 
0.6 
Original 457.8 370.0 568.8 29.42 
Estimated 446.2 344 568.8 29.42 
Relative 
Error% 2.53 7.02 0 0 
0.5 
Original 457.8 370.0 568.8 29.42 
Estimated 446.2 327.1 568.8 29.42 
Relative 
Error% 2.53 11.59 0 0 
 
The Table 5.5 shows the evolution of parameter estimation in different slips or speeds with smoothing. 
The error of starting and no-load currents are not significant. The error of maximum torque is very low. It 
remains constant . The error of starting torque is sensitive to the distance of cross point (point that double 










Table 5.6. Parameters of single cage A induction machine 2 (22kW) with fs=50(Hz), Vph=220V and J=0.3  
Estimation Rs Xsd Xm Rr 
Initial regression 0.1680 0.6083 14.9091 0.1471 
Main  
Two points 0.1300 0.6077 14.9097 0.1567 
 
5.4 Double cage estimation of machine 2  
In this study double-cage machine 2 of Table 5.1 is estimated by method of two single cages (A and D) 
estimation. 
Cage A is a single cage that passes from maximum point until steady state region and can be estimated by 
two-points method using F-solve function of MATLAB using transient stator data and mechanical rotor 
speed. Starting region of machine has high frequency oscillations in dynamic transient region and after 
smoothing a starting cage is estimated that passes from two points of double-cage torque and current 
curves; one point very near to this region, but not exactly in this region and the other point in the steady-
state region. Three starting - cages are estimated for slips 0.7, 0.6 and 0.5 which are called cages D1, D2 
and D3 or C (half speed) respectively for comparison. The comparison between starting-cages shows that 
the best estimation is for slip equal to 0.7. 
 
5.4.1 Estimation of cage A for machine 2 
The two-points-method is used for estimation of single-cage A but this technique needs initial value 
parameters so that 3-points-regression-method is used for approximated initial values estimation. The 
three points of regression method for estimation of cage A are, maximum torque point, region 2 point 
between maximum torque and the steady-state region and finally the steady-state point. 
The two points of two-points method are maximum torque and steady state points. The results of the initial 
and main estimated parameters of cage A are in Table 5.6.  
Fig. 5.8.a shows machine 2 (22kW) starting transient d, q currents in red dashed line and its smoothing in 
gray solid line. Fig. 5.8.b is the machine 2 (22kW) mechanical rotor speed in red point line and its 
smoothing in gray solid line. The estimation of near starting single-cage is done by smoothing of near 
starting point, because near to the starting region has lower magnitudes of oscillation than starting region. 
Then the initial starting cage D for initial value of two points method is estimated by 3-points-regression-
method using near starting point, near steady-state point and steady-state point. Then with near starting 







5.4.2 Estimation of cage D for machine 2 
Three starting-cages D1, D2 and D3 are estimated for slips of Table 5.7 while synchronous frequency is 
50[Hz].  
The method of estimation is two-points that needs initial value. In this method two important points for 
estimation are the maximum torque and the steady-state points. The regression three points method is 
applied for approximated initial value estimation. The three important points in this method are the 
starting point at the defined slip, the second region point very near to the third region that is a 
approximated point and the steady-state region point. 
The two points method for estimation of cage D are near starting torque and steady state points. 
Table 5.7 shows the results of initial parameters estimation of single-cage D by regression method and 
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Fig. 5.8.a. d, q currents for machine 2; black line and smoothed d, q currents for machine 2; red 






Table 5.7. Parameters of single cage D induction machine 2 (22kW) with fs=50(Hz), Vph=220V and J=0.3  
Estimation s Rs Xsd Xm Rr 
Initial regression 0.7 0.1417Ω 0.5510 14.9664 0.1215 
Main  
Two-points 0.7 0.1300 0.5494 14.9680 0.2596 
Initial regression 0.6 0.1409Ω 0.5547 14.9627 0.1217 
Main  
Two-points 0.6 0.1300 0.5522 14.9652 0.2521 
Initial regression 0.5 0.1387Ω 0.5643 14.9531 0.1225 
Main  
Two-points 0.5 0.1300 0.5618 14.9556 0.2324 
 
  
Table 5.8. Parameters of double cage induction machine 2 (22kW) with fs=50(Hz) and J=0.3 
s Rs Rr1 Rr2 Xm Xsd = Xr2 Xr1 Vph ℘  
0.7 0.1300Ω 0.1779 1.0377 14.9496 0.5678 0.8859 220 1 
0.6 0.1300Ω 0.1780 1.0236 14.9816 0.5358 0.9400 220 1 
0.5 0.1300Ω 0.1787 0.9864 14.9890 0.5284 0.9634 220 1 
 
 
Then the steady-state impedance equations of double cage estimation using two points method produces 
double cage parameters according to the Table 5.8. The results of estimated parameters of double-cage 
are very near to the real data of machine 2 in Table 5.1. 
Table 5.8 shows good estimation, where the equality restriction X2d=Xsd according to the literature [25] must 
be used. 
 
In Fig. 5.9 red 1 point dashed line is torque of cage A, blue dot line is torque of cage D, black solid line is 
estimated torque of double-cage and green dashed line is original torque of double-cage from starting to 
synchronous slips. This figure shows that cages D1, D2, D3 and double-cage torques have intersection in 
slips 0.7, 0.6 and 0.5 respectively. In Fig. 5.10 red 1point dashed line is current of cage A, blue dot line is 





current of double-cage from starting to synchronous slips. In This figure cages D1, D2, D3 currents and 
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Fig. 5.9 Torque of single-cage A; red 1point dashed line, Torque of single-cage D; blue dot line, Torque 
of estimated double-cage; black solid line and Torque of original double-cage; green dashed line for 
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Fig. 5.10 Current of single-cage A; red 1point dashed line, current of single-cage D; blue dot line, 
current of estimated double-cage; black solid line and current of original double-cage; green dashed line 





Table 5.9. Calculated magnitudes for error determination with smoothing for machine 2 
(22k) 
Slip D-cage Tm(Nm) Ts(Nm) Is(A) INL(A) 
0.7 
Original 164.3 110.2 197.6 14.18 
Estimated 161.6 106.8 197.6 14.18 
Relative 
Error% 1.64 3.08 0 0 
0.6 
Original 164.3 110.2 197.6 14.18 
Estimated 161.6 116.5 200.3 14.18 
Relative 
Error% 1.64 5.71 1.36 0 
0.5 
Original 164.3 110.2 197.6 14.18 
Estimated 161.6 119.4 201.9 14.18 
Relative 
Error% 1.64 8.34 2.17 0 
 
The Table 5.9 shows the evolution of parameter estimation in different slips or speeds with smoothing. 
The error of starting and no-load currents are not significant. The error of maximum torque is very low. It 
remains constant . The error of starting torque is sensitive to the distance of cross point (point that double 











Table 5.10. Parameters of single cage A induction machine 3 (500kW) with fs=50(Hz) and Vph=220V J=13  
Estimation Rs Xsd Xm R'r Tm Ts Is In 
Initial 
regression 0.0024Ω 0.0270 0.7583 0.0024 3896.3 362.0412 4132.5 280.1642 
Main  
F-solve 0.0012 0.0271 0.7582 0.0024 3963.2 366.8746 4126 280.1652 
 
5.5 Double cage estimation of machine 3  
In this study double-cage machine 3 of Table 5.1 is estimated by method of two single cages (A and D) 
estimation. 
Cage A is a single cage that its torque and current pass from maximum torque point until steady state 
region of double-cage torque and current and can be estimated by two-points method using F-solve 
function of MATLAB using transient stator data and mechanical rotor speed. Starting region of machine 
has high frequency oscillations in dynamic transient region and after smoothing a starting cage is 
estimated that its torque and current pass from two points of torque and current of double-cage; one point 
is very near to this region, but not exactly in this region and the other is in the steady-state region. Three 
starting - cages are estimated for slips 0.7, 0.6 and 0.5 which are called Cages D1, D2 and D3 or C (half 
speed) respectively for comparison. The comparison between starting-cages shows that the best 
estimation is for slip equal to 0.7. 
 
5.5.1 Estimation of cage A for machine 3 
The two-points-method is used for estimation of single-cage A but this technique needs initial value 
parameters so that 3-points-regression-method is used for approximated initial values estimation. The 
three points of regression method for estimation of initial cage A are, maximum torque point, region 2 
point between maximum torque and the steady-state region and finally the steady-state point. The two-
points method points are maximum torque and steady state points. The results of the initial and main 
estimated parameters of cage A are in Table 5.10.  
 
Fig. 5.11.a shows machine 3 (500kW) starting transient d, q currents in red point line and its smoothing in 
gray solid line. Fig. 5.11.b is the machine 3 (500kW) mechanical rotor speed in red point line and its 
smoothing in gray solid line. The estimation of near starting single-cage is done by smoothing of near 
starting point because near to the starting region has lower magnitudes of oscillation than starting region. 
Then the initial starting cage D for initial value of two-points method is estimated using 3-points-








5.5.2 Estimation of cage D for machine 3  
Three starting-cages D1, D2 and D3 are estimated for slips of Table 5.11 while synchronous frequency is 
50[Hz].  
The method of estimation is two-points that needs initial value. In this method two important points for 
estimation are the maximum and the steady-state points. The regression three points method is applied for 
approximated cage D initial value estimation. The three important points in this method are the starting 
point at the defined slip, the second region point very near to the third region that is a approximated point 
and the steady-state region point. 
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Fig. 5.11.a. d, q currents for machine 3; black line and smoothed d, q currents for machine 3; red 







Table 5.11. Parameters of single cage D induction machine 3 (500kW) with fs=50(Hz), Vph=220V and J=13  
Estimation s Rs Xsd Xm R'r 
Initial regression 0.7 0.0025 0.0222 0.7630 0.0015 
Main  
Two points 0.7 0.0012 0.0221 0.7631 0.0102 
Initial regression 0.6 0.0024 0.0230 0.7622 0.0016 
Main  
Two points 0.6 0.0012 0.0229 0.7623 0.0087 
Initial regression 0.5 0.0023 0.0238 0.7614 0.0017 
Main  
Two points 0.5 0.0012 0.0237 0.7615 0.0072 
 
  
Table 5.12. Parameters of Double cage induction machine 3 (500kW) with fs=50(Hz) and J=13 
s Rs R'r1 R'r2 Xm Xsd = Xr2 Xr1 Vph ℘  
0.7 0.0012 0.0025 0.0418 0.7660 0.0193 0.0400 220 1 
0.6 0.0012 0.0025 0.0401 0.7653 0.0200 0.0394 220 1 
0.5 0.0012 0.0025 0.0377 0.7645 0.0208 0.0386 220 1 
 
Table 5.11 shows the results of initial parameter estimation of single-cage D by regression method and 
real parameter estimation using two points method for three slips; 0.7, 0.6 and 0.5.  
Then the steady-state impedance equations of double cage estimation using two points method are solved 
to produce double cage parameters according to the Table 5.12. The results of estimated parameters of 
double-cage are very near to the real data of machine 3 in Table 5.1. 
This Table shows good estimation. The equality restriction X2d=Xsd  according to the literature [25], must be 
used. 
 
In Fig. 5.12 red 1point dashed line is torque of cage A, blue dot line is torque of cage D, black solid line is 
estimated torque of double-cage and green dashed line is original torque of double-cage from starting to 
synchronous slips. This figure shows cages D1, D2, D3 and double-cage torques have intersection in slip 





In Fig. 5.13 red 1point dashed line is current of cage A, blue dot line is current of cage D, black solid line 
is estimated current of double-cage and green dashed line is original current of double-cage from starting 
to synchronous slips. In This figure cages D1, D2 and D3 currents and double-cage current have 
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Fig. 5.12 Torque of single-cage A; red 1point dashed line, Torque of single-cage D; blue dot line, Torque 
of estimated double-cage; black solid line and Torque of original double-cage; green dashed line for 




The Table 5.13 shows the evolution of parameters estimation in different slips or speeds with smoothing. 
The error of starting and no-load currents are not significant. The error of maximum torque is very low 
and remains constant . The error of starting torque is sensitive to the distance of cross point (point that 
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Fig. 5.13 Current of single-cage A; red 1point dashed line, Current of single-cage D; blue dot line, 
Current of estimated double-cage; black solid line and Current of original double-cage; green dashed 





Table 5.13. Calculated magnitudes for error determination with smoothing for machine 3 
(500k) 
Slip D-cage Tm(Nm) Ts(Nm) Is(A) INL(A) 
0.7 
Original 4063 3349 5182 280.1 
Estimated 3934 3224 5182 280.1 
Relative 
Error% 3.175 3.7325 0 0 
0.6 
Original 4063 3349 5182 280.1 
Estimated 3929 3081 5182 280.1 
Relative 
Error% 3.2981 8.0024 0 0 
0.5 
Original 4063 3349 5182 280.1 
Estimated 3935 2910 5182 280.1 
Relative 













6. Method of double cage parameter estimation using instantaneous power, 
voltage and current 







The steady-state single-phase circuit of Fig. 6.1 shows that the active power consumed by the induction 
motor in steady-state is 
 * 2 23.Re . 3. . 3 rss s s r
RP V I R I I
s
 = = +   (171) 
The torque expression in steady-state results 





Γ =  (172) 
where the synchronous speed is 2. .s sfω π= and the number of pair of poles is ℘ . Then, the mechanical 
power and rotor loss are called synchronous power that is 







and the synchronous power and consequently the torque can be calculated in steady-state as 
 2 23 3. .s r r s s

























The steady-state single-phase circuit of Fig. 6.2 shows the double-cage model where the active power 
consumed by the induction motor is 
 * 2 2 21 21 23.Re . 3. . 3 3ss s s
R RP V I R I I I
s s
 = = + +   (175) 
The torque expression in steady-state is 






Γ = +  (176) 
where the synchronous speed is 2. .s fω π= and the number of pair of poles is ℘ . Then, the synchronous 
power in the double-cage model results 







and the steady-state torque Γ  and consequently the synchronous power sωΓ
℘
can be calculated with 
 2 2 21 21 23 3 3. .s s s
R RI I P R I
s s
ωΓ
= + = −
℘
 (178) 
It must be mentioned that the steady-state equivalent circuit is not exactly valid for transient phenomena, 
but an approximation of the synchronous power can be used from instantaneous values of starting 
transient data. Using the instantaneous values of voltage; ( )sv t and current; ( )si t , the instantaneous 

















 ( ) ( ). ( ) ( ). ( ) ( ). ( )in sa sa sb sb sc scP t v t i t v t i t v t i t= + +  (179) 
and also the stator instantaneous loss can be calculated as 












































Fig. 6.3. Transient torque (green solid lines) and torque from instantaneous input power (blue solid lines) 





Table 6.1. Parameters of three double cage machines with fs=50(Hz) and Vph=220V  
Sn  Rs Xs=X2d Xm Rr1 Rr2 X1d ℘  J 
55 kVA 0.0338 0.1698 0.3084 0.0465 0.40747 0.3511 1 0.8 
22kVA 0.13 0.5404 14.9770 0.1689 1.2269 0.8503 1 0.3 
500kVA 0.0012 0.0179 0. 7674 0.0024H 0.0482 0.0391 1 13 
 
and an estimation of the instantaneous torque; ( )in tΓ  can be calculated with the expression 
 ( )
( )
( ) ( )2 2 2. ( ) ( ). ( ) ( ). ( ) ( ). ( ) ( ) ( ) ( )in statorin sa sa sb sb sc sc s sa sb sc
s s
P t P t
t v t i t v t i t v t i t R i t i t i t
ω ω
℘ −  ℘   Γ = = + + − + +  (181) 
Equation (181) is calculated with instantaneous data and equation (178) is justified with the steady-state-
circuit. Equation (181) do not fit exactly the instantaneous torque from a transient because the steady-state 
circuit is not valid during the transient starting. 
In Table 6.1, there are the data of three induction motors. With these parameters, the starting transient can 
be simulated with the software Power Systems Blockset of Matlab [31], and with the results of the 
simulation, the torque estimation proposed in equation (181) can be calculated and compared with the true 
simulated torque value in Fig. 6.3.  
Fig. 6.3 shows the starting transients of these three motors. In these figures the transient torque (from 
simulation) and the estimated instantaneous torque proposed with the equation (181) are shown. In the 
first part of the starting transient, named the electromagnetic transient, there are important oscillations and 
a significant difference can be observed between the instantaneous torque and the approximation of it 
proposed in the equation (181). Although, Fig. 6.3 shows true and instantaneous torques, there are a 
surprising coincidence between the instantaneous torque and the estimated torque of equation (181) 
during the mechanical transient and steady-state regions. 
Fig. 6.4 shows the torque slip curve of the steady-state torque and the estimation of the torque from 
equation (181) versus the slip. The comparison of the estimated torque- and steady state torque-speed 
curves shows a very good agreement between them when the oscillations of the electromagnetic transient 
are finished until the maximum torque zone. In Fig. 6.4 it can be observed the phenomena that the 




Fig. 6.5 shows the steady-state torque and the estimation of the torque versus the slip. The estimated 
torque is calculated with the instantaneous magnitudes defined in next section using equations (182) to 
(187). These equations average the magnitudes or eliminate the electromagnetic oscillations. 
It can be observed in Fig. 6.5 that near to the zero speed, there are differences between the averaged 

















































It is very important to use the averaged data near the zero speed for a good estimation of the starting 
torque. Despite the torque and power oscillate in the electromagnetic transient region, the application of 
the smoothing technique to the instantaneous power allows to use measured data near to the zero speed. 
In Fig. 6.6 the averaging has been realized by deleting the points of the transient which are closer to the 
















































Fig. 6.6 shows clearly that the proposed estimation of the instantaneous torque using the averaged 
magnitudes and the elimination of the points near to zero speed, has a good coincidence with steady-state 














































Fig. 6.6. Smoothed torque (green solid lines) with deleting starting region and steady-state torque (blue 




6.2 Averaged magnitudes 
From the results shown in Figs. 6.3 to 6.5, it can be concluded that the instantaneous power can be used 
for parameters estimation of the double-cage induction motor. The used data is in the range from near 
zero speed until near the maximum torque zone. It is important to insist that the maximum torque value in 
a transient process is lower than the maximum torque value predicted by the steady-state model. 
To avoid mixing instantaneous data and steady-state data, averaged magnitudes are defined for 
instantaneous data. 
The instantaneous power is defined as 
 ( )1 ( ) ( ) ( ) ( ) ( ) ( )s a s a s b s b sc s cp t v t i t v t i t v t i t= + +  (182) 
Then, the average instantaneous power function is defined as 












= ∫  (183) 
Also the averaged instantaneous current is 















=   
 
∫  (184) 
and the averaged instantaneous voltage is derived from the equation 















=   
 
∫  (185) 
The three phase averaged apparent power is  




The three phase averaged reactive power is according to 
 ( ) ( ) ( )2 2av av avQ t S t P t= −  (187) 


















































Fig. 6.7.a. Instantaneous current (green solid line) and averaged of that (blue dashed line) and steady-
state stator current (red point dashed line) for machine 1, 
 6.7.b. Instantaneous current (green solid line) and averaged of that (blue dashed line) and steady-state 
stator current (red point dashed line) for machine 2 
 and 6.7.c. Instantaneous current (green solid line) and averaged of that (blue dashed line) and steady-
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In this method the averaged impedance is defined as 
 ( )( )
( )( )



























































Fig. 6.8.a. Instantaneous power (green solid line) and averaged of that (blue dashed line) for machine 1, 
6.8.b. Instantaneous power (green solid line) and averaged of that (blue dashed line) for machine 2 and 




To clarify the above equations the averaging function of instantaneous current and power are shown in 
Fig. 6.7 and 6.8 respectively.  
Fig. 6.7.a. shows the instantaneous current-speed (green solid line) and averaged instantaneous current-
speed (blue dashed line) and steady-state stator current-speed (red point dashed line) for machine 1. In 
Fig. 6.7.b. and Fig. 6.7.c the similar curves are shown for machine 2 and machine 3 respectively.  
Fig. 6.8.a. shows the instantaneous power-time (green solid line) and average of instantaneous power-
time (blue dashed line) for machine 1. In Fig. 6.7.b. and Fig. 6.7.c the similar curves are shown for 
machine 2 and machine 3 respectively. These figures show that the instantaneous estimation method can 
give a good approximation of the torque and current after electrical transient zone until maximum power 













6.3 Second Proposed method: Instantaneous power method 
The used starting transient data region for the estimation of the double-cage induction motor parameters 
with instantaneous power method is divided into two regions. One region is from the zero speed until the 
maximum torque point (region 1) and the other region is from the maximum torque point until the steady-
state speed (region 2). The methods applied to these set of data are, 
• Regression method (region 2)  
• Instantaneous power method (region 1) 
The regression method (equation 138) is used with data of region 2 for estimation of a single cage 
induction motor parameters called cage A. Fig. 6.9.a and b show the estimated single cage A torque and 
current in red point dashed line and torque and current of the double-cage in green dashed line 
respectively. Fig. 6.9.a and b show that double-cage and single-cage A have a good fitting in the region 2 






























Fig. 6.9.a. Torque of single-cage A; red 1point dashed line, Torque of original double-cage; green 
dashed line and 6.9.b. current of single-cage A; red 1point dashed line, current of original double-





With the steady-state circuit parameters of single-cage A (estimated using the regression method), the 
impedance in the synchronous speed (s=0); ZNL and the impedance in the maximum torque point; ZM can 
be calculated. These two complex values of the impedances, which are equivalent to four real values (real 
and imaginary parts), are imposed as the values of the impedance of the steady-state double-cage circuit, 
in the points of no load, (sNL=0) and maximum torque, (sM). These equations are represented by 
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The double-cage circuit has 6 independent parameters 
 1 2 1  ( ,  ,  ,  ,  ,  ) s m sd dx R R R X X X=  (191) 
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As equation (190) is not enough to determine parameters of (191), additional information is necessary. 
This is obtained from the zone where the instantaneous power fits well the steady-state synchronous 
torque. 
The instantaneous power method uses transient data from region 1 to calculate the complex impedance 
value (equation 189) in one or more points in region 1. 
In this method the minimum necessary data is one point data that satisfies two equations, but for a more 
reliable algorithm it is better to use n points that imposes 2n equations like 
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p nZ  are instantaneous impedances and ( )1R x , ( )1X x ,..., ( )nR x , ( )nX x are real and 
imaginary parts of double-cage respectively. These 2n equations are coming from the instantaneous 
power algorithm that applies averaging process in the starting region to eliminate oscillations in the 
electrical transient region. The equations of (193) use weights wp to reduce the influence of the points of 








Table 6.2. Parameters of single cage A induction machine 1 (55kW) with fs=50(Hz), Vph=220V and J=0.8 
Estimation Rs Xsd Xm Rr Tm Ts Is In 
Regression 0.0338 0.2303 7.2479 0.0450 446.1192 92.2838 478.0909 29.4185 
 
  
Table 6.3. Znl and Zm for single-cage A of machine 1 (55kW) with fs=50(Hz), Vph=220V and J=.8 
Real(Znl) Imag(Znl) Real(Zm) Imag(Zm) 
0.0338 7.4782 0.4550 0.4789 
 
6.4 Double-cage machine 1 estimation 
The proposed method for double-cage parameters estimation using the instantaneous power method is 
applied to the machine 1 with power 55kW of Table 6.1. The starting transient has been simulated using 
the SimPowerSystems Blockset of Matlab [33].  
First the regression method is applied to the transient data to the points in the region between the 
maximum torque point and the steady-state speed. Then single-cage A approximation is obtained. 
Estimation of cage A has been calculated with equation (138). 
The results of cages A estimation for the machine 1 of Table 6.1 are presented in Tables 6.2. 
Using parameters of Table 6.2, the impedances; Znl and Zm for single-cage A have been calculated and 
their values are presented in Table 6.3.  
Fig. 6.10 shows the good fitting of torque of cage A ( in part a ) and current of cage A ( in part b )with the 
steady-state torque and current curves of the original double cage of machine 1 in the zone between the 
maximum torque speed and the synchronous speed (zone 2). 
 
Then instantaneous method that uses equation (189), estimates some impedances during mechanical 









P2 P3 P4 P5 
Rotor Speed 83.57 118.6 150.2 181.8 209.3 
Re(Zapprox) 0.1654 0.1726 0.1791 0.1887 0.203 
Im (Zapprox) 0.3789 0.3929 0.4052 0.4184 0.4306 
 
Then using maximum and no-load impedances of cage A and impedances of instantaneous method with a 
typical weight equal to 0.04 in equation (190) and (193) respectively, these set of equation are solved 
using F-solve function of MATLAB to estimate the double-cage parameters of machine 1. The estimated 
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Fig. 6.10.a. Torque of single-cage A; red 1point dashed line and torque of original double-cage; green 
dashed line and 6.10.b. Current of single-cage A; red 1point dashed line and current of original 




parameters of Table 6.5 are seen in Fig. 6.11.  
In the Fig. 6.11.a and b the red solid lines are original double cage torque and current and the black 
dashed lines are estimated double-cage torque and current respectively. The fitting between the original 
and estimated curves are very good. 
Table 6.5. Parameters of  double cage machine 1 with fs=50(Hz), Vph=220V and weight=0.04  
Double-
cage Rs Xs=X2d Xm Rr1 Rr2 X1d 
℘  J 
Real 0.0338Ω 0.1698 7.2787 0.0465 0.40747 0.3511 1 0.8 
































Fig. 6.11.a. Original torque(red solid line) and steady-state torque from estimated double cage parameters 
(black dashed line)for machine 55kW and 6.11.b. Original current (red solid line) and steady-state 




Table 6.6. Calculated magnitudes for error determination for 
machine 1 (55k) 
P(kW) D-cage Tm(Nm) Ts(Nm) Is(A) INL(A) 
55 
Original 457.8 370.0 568.8 29.42 
Estimated 448 345.3 568.8 29.42 
Real Error 0.0214 0.0667 0 0 
 
The relative errors of the estimation are presented in Table 6.6 that are 6.67% for starting torque, 2.14% 


















Table 6.7. Parameters of single cage A induction machine 2 (22kW) with fs=50(Hz), Vph=220V and J=0.3 
Estimation Rs Xsd Xm Rr Tm Ts Is In 
Regression 0.1300 0.6077 14.9097 0.1567 161.7923 44.6079 179.7107 14.1771 
 
  
Table 6.8. Znl and Zm for single-cage A of machine 2 (22kW) with fs=50(Hz), Vph=220V and J=0.3 
Real(Znl) Imag(Znl) Real(Zm) Imag(Zm) 
0.1300 15.5174 1.2798 1.2845 
 
6.5 Double-cage machine 2 estimation 
The proposed method for double-cage parameters estimation using the instantaneous power method is 
applied to the machine 2 with power 22kW of Table 6.1. The starting transient has been simulated using 
the SimPowerSystems Blockset of Matlab [33].  
First the regression method is applied to the transient data to the points in the region between the 
maximum torque point and the steady-state speed. Then single-cage A is estimated. Estimation of cage A 
has been calculated with equation (138). 
The results of cages A parameters estimation for the machine 2 of Table 6.1 are presented in Tables 6.7. 
Using parameters of Table 6.7, the impedances Znl and Zm for single-cage A have been calculated and 
their values are presented in Table 6.8.  
Fig. 6.12 shows the good fitting of cage A torque( in part a ) and cage A current ( in part b ) with the 
steady-state torque and current curves of the original double cage of machine 2 in the zone between the 
maximum torque speed and the synchronous speed (zone 2). 
Then instantaneous method that uses impedance equation (189), estimates some impedances during 
mechanical transient region before maximum torque point. These impedances are presented in Table 6.9 





Table 6.9. Instantaneous impedances of  double cage machine2 with fs=50(Hz) 
and Vph=220V 
Points P1 P2 P3 P4 P5 
Rotor Speed 83.57 118.6 150.2 181.8 209.3 
Re(Zapprox) 0.4645 0.4898 0.5191 0.5641 0.6278 
im(Zapprox) 1.076 1.101 1.124 1.149 1.175 
 
Then using maximum and no-load impedances of cage A and impedances of instantaneous method with a 
typical weight equal to 0.04 in equation (190) and (193) respectively, these set of equation are solved 
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 Fig. 6.12.a. Torque of single-cage A; red 1 point dashed line and torque of original double-cage; green 
dashed line and 6.12.b. Current of single-cage A; red 1 point dashed line and current of original 




The estimated parameters are shown in Table 6.10. The steady-state torque-speed and current-speed 
curves with parameters of Table 6.10 are shown in Fig. 6.13.  
Table 6.10. Parameters of  double cage machine 2 with fs=50(Hz), Vph=220V and weight=0.04  
Double-
cage Rs Xs=X2d Xm Rr1 Rr2 X1d 
℘  J 
Real 0.1300Ω 0.5404 14.977 0.1689 1.2269 0.8503 1 0.3 


































Fig. 6.13.a. Original torque(red solid line) and steady-state torque from estimated double cage parameters  
(black dashed line)for machine 22kW and 6.13.b. Original current (red solid line) and steady-state 




Table 6.11. Calculated magnitudes for error determination for 
machine 2 (22k) 
P(kW) D-cage Tm(Nm) Ts(Nm) Is(A) INL(A) 
22 
Original 164.3 110.2 197.6 14.18 
Estimated 161.8 104 197.6 14.18 
Real Error 0.0152 0.0562 0 0 
 
In the Fig. 6.13.a and b the red solid lines are original double cage torque and current and the black 
dashed lines are estimated double-cage torque and current respectively. The fitting between the original 
and estimated curves are very good. 
The relative errors of the estimation are presented in Table 6.11 that are 5.62% for starting torque, 1.52% 


















Table 6.12. Parameters of single cage A induction machine 3 (500kW) with fs=50(Hz), Vph=220V and J=13 
Estimation Rs Xsd Xm Rr Tm Ts Is In 
Regression 0.0012 0.0271 0.7582 0.0024 3963.2 366.8746 4126 280.1652 
 
  
Table 6.13. Znl and Zm for single-cage A of machine 3 (500kW) with fs=50(Hz), Vph=220V and J=13 
Real(Znl) Imag(Znl) Real(Zm) Imag(Zm) 
0.0012 0.7853 0.0458 0.0560 
 
6.6 Double-cage machine 3 estimation 
The proposed method for double-cage parameters estimation using the instantaneous power method is 
applied to the machine 3 with power 500kW of Table 6.1. The starting transient has been simulated using 
the SimPowerSystems Blockset of Matlab [31].  
First the regression method is applied to the transient data to the points in the region between the 
maximum torque point and the steady-state point. Then single-cage A is estimated. Estimation of cage A 
has been calculated with equation (138). 
The results of cages A estimation for the machine 3 of Table 6.1 are presented in Tables 6.12. 
Using parameters of Table 6.12, no-load and maximum impedances; Znl and Zm for single-cage A have 
been calculated and their values are presented in Table 6.13.  
Fig. 6.14 shows the good fitting of cage A torque ( in part a ) and cage A current ( in part b ) with the 
steady-state torque and current curves of the original double cage of machine 3 in the zone between the 
maximum torque speed and the synchronous speed (zone 2). 
Then instantaneous method that uses equation (189), estimates some impedances during mechanical 





Table 6.14. Instantaneous impedances of double cage machine3 with fs=50(Hz) 
and Vph=220V 
Points P1 P2 P3 P4 P5 
Rotor 
Speed 83.57 118.6 150.2 181.8 209.3 
Re(Zapprox) 0.01476 0.01485 0.01477 0.01464 0.0147 







































 Fig. 6.14.a. Torque of single-cage A; red 1point dashed line and torque of original double-cage; 
green dashed line and 6.14.b. Current of single-cage A; red 1point dashed line and current of 






Table 6.15. Parameters of  double cage machine 3 with fs=50(Hz) and Vph=220V  
Double-
cage Rs Xs=X2d Xm Rr1 Rr2 X1d 
℘  J 
Real 0.00123Ω 0.01789 0.76736 0.00245 0.03911 0.03911 1 13 
Estimated 0.0011 0.0200 0.7653 0.0025 0.0411 0.0392 1 13 
 
Then using maximum and no-load impedances of cage A and impedances of instantaneous method with a 
typical weight equal to 0.04 in equation (190) and (193) respectively, these set of equations are solved 
using F-solve function of MATLAB to estimate the double-cage parameters of machine 3. 
The steady-state torque-speed and current-speed curves with the estimated parameters of Table 6.15 are 
































Fig. 6.15.a. Original torque(red solid line) and steady-state torque from estimated double cage parameters  
(black dashed line) for machine 500kW and 6.15.b. Original current (red solid line) and steady-state current 





Table 6.16. Calculated magnitudes for error determination for 
machine 3 (500k) 
P(kW) D-cage Tm(Nm) Ts(Nm) Is(A) INL(A) 
500 
Original 4063 3349 5182 280.1 
Estimated 3956 3153 5182 280.1 
Real Error 0.026 0.058 0 0 
 
In the Fig. 6.15.a and b the red solid lines are original double cage torque and current and black dashed 
lines are estimated double-cage torque and current respectively. The fitting between the original and 
estimated curves are very good. 
The relative errors of the estimation are presented in Table 6.16 that are 5.8% for starting torque, 2.6% for 














7 Conclusions and contributions 
The parameters estimation procedures of the single-cage induction model and the double-cage induction 
model developed in this project are based on the usual data that can be easily obtained from a starting 
transient; the three stator currents, the three stator voltages and the mechanical speed.  
In this doctoral thesis, two new methods to estimate single-cage induction motor parameters and two new 
methods to estimate the double-cage induction motor parameters from transient measurements are 
presented.  
Below the main conclusions and contributions of this thesis are summarized.  
A) Single-cage model: 
• It is demonstrated that the Park variables in the synchronous reference frame are used because they 
facilitate the data filtering. This reference frame is more reliable due to the slow variation of the direct 
and quadrature currents and voltages during mechanical transients and owing to the fact that these 
magnitudes have constant values in the steady state. 
• A good improvement is the new approximation of the rotor flux as a function of the stator voltages 
and currents. It avoids the use of the speed derivative approximation, 0d dtω = , used in the 
literature [15]. It has been demonstrated that the accuracy of the estimation procedure using rotor flux 
approximation is improved significantly. 
• Two new different methods to estimate the single-cage induction machine model parameters have 
been proposed and studied: the regression method and the two points method. The first is based on 
the least-square method and the second is based on the resolving of a non-linear system of equations. 
• In this thesis a detailed study of the errors as function of the speed of points used in the regression 
method and the two points method has been realized. This study reveals that for parameters 
estimation with low error, the use of points near maximum torque speed zone and points near the 
synchronous speed zone is very important. 
• The errors study has shown that the influence of the rotor flux approximation is significant. On the 
other hand the influence of the step size in the derivative calculation, the inertia and other factors has 




• The error study shows that the maximum torque value is usually the magnitude with the highest error, 
followed by the starting torque error value and the starting current error value. Finally the no load 
current, is the magnitude with the lowest error. 
 
B) Double-cage model 
One of the main purposes of this thesis is the study of the double-cage model. There are several papers 
about this topic in the literature. Practically all the literature review studies are about the single-cage 
model, in contrary of the reality that the most of the squirrel-cage motors behave according to the double-
cage model. 
• The first method of double-cage induction motor parameters determination is called two single-cage 
method. In this method the two points method has been used for obtaining single-cage parameters, 
valid in the range from the maximum torque speed to the synchronous speed. The other set of 
parameters can be obtained from data of two speeds; near zero speed and the synchronous speed.  
• The second method of double-cage induction motor parameters determination is called the 
instantaneous power method. This method exploits the fact that in the mechanical transient region the 
averaged transient torque has a surprising coincidence with the steady-state torque. With this method 
an excellent estimation of motor impedances at different speeds has been obtained from averaged 
values of the instantaneous power obtained from the measured voltages and currents. This method has 
the advantage that it is very easy to obtain an approximation of the impedance values at different 
speeds in the region from mechanical transient point to the maximum torque point, where the effects 





8 Future research 
• Study of the mechanical parameters estimation with the electrical parameters estimation. Then it is 
possible to do an estimation of the mechanical parameters.  
• Study of the effects of the saturation with the data of starting transients at different voltages. 
Therefore the influence of the saturation on the estimated parameters can be studied. 
• Study of the very fast transients (mechanical time constant near the electrical time constant). As 
limitation of the proposed methods needs a slow mechanical transient zone, the development of new 
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Abstract— A new method for determination of the steady-state 
equivalent circuit parameters of wounded induction motors using 
experimental data from starting transient measurements is pre-
sented. The data in the algorithm are stator currents and voltages 
and mechanical speed. The algorithm uses the least-square meth-
od and the motor dynamic equations in the synchronous reference 
frame. Moreover, an approximation of the rotor flux that im-
proves the precision of the estimation method, as well as a de-
tailed study of the errors of the estimation procedure, are includ-
ed. Method is validated with data from starting transient meas-
urements of a 2kW wound rotor induction motor.  
 
Index Terms—Equivalent circuits, wound rotor induction mo-
tor, starting transients. 
 
 ARAMETER determination of induction motors is a ma-
jor topic because these machines are one of the most im-
portant loads in the grid. Accuracy is necessary because of the 
significance of power system dynamic behavior during faults 
and other perturbations. Another important area is high per-
formance ac drives, where parameter estimation is crucial for 
the tuning of controllers. Several approaches have been pre-
sented for induction motor parameter estimation. IEEE Std-
112 [1] describes the most usual method, which is based on 
short-circuit and no-load test. Other methods include those 
based on steady state [2], frequency [3] or transient tests [4-
10].  Recently, more sophisticated procedures have been pre-
sented using a transient test with an extended Kalman filter 
[4]. Another possibility is to formulate a least square minimi-
zation problem [5-10]. Reference [5] gives a thorough descrip-
tion of the least-square method and the dynamic equations in 
rotor reference frame and [6] uses the stator reference frame. 
On the other hand, to the knowledge of the authors, no studies 
apply the synchronous reference frame. 
The main issue in this paper is to develop a method that can 
be easily used in a real situation. Starting transients are chosen 
because they are the minimal disruption of normal motor oper-
ation. Furthermore, short-circuit test cannot be used for high 
power machines because their high currents.  The method only 
needs measurements of stator currents, stator voltages and me-
chanical speed during the starting transient. 
It’s main restriction, however, is that it can only be applied 
to the wound-rotor induction motors, modeled with the equiva-
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lent steady-state circuit in Fig. 1.  
The proposed is valid for motors where the mechanical tran-
sient is decoupled from the electrical transient, i.e. the time 
constants of the electrical and mechanical transients are in dif-
ferent orders of magnitude.  
I.  DYNAMIC EQUATIONS 
The dynamic equations in Park variables in the synchronous 
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and in Ku variables in the synchronous reference frame are 
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The relation between the coefficients of the dynamic equa-
tions and the steady-state star equivalent circuit is 
( ) ( ) ;   ;  m s sd m r rd mM X L X X L X Xω ω ω= = + = + (3) 
where ℘  is the number of pair of poles, ω = 2πf is the syn-
chronous speed and ωm, is the mechanical speed. The relations 
between Park and Ku variables are 
   ;     ;   
2 2 2
sd sq sd sq rd rq
s s r
v jv i ji i ji
v i i
+ + +
= = =  (4) 
The relation between the measured currents, isa, isb, isc, (shown 
in Fig. 2) and the Park variables isd, isq, (shown in Fig. 4a) in 
the synchronous reference frame ( )tθ ω= is 
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Fig. 1. Steady-state equivalent circuit for the single-cage model of the three-
phase induction motor. 































































PARAMETERS OF SIMULATED MOTOR 
U(V) Rs(Ω) Xsd(Ω) Xm(Ω) Rr(Ω) Xrd(Ω) J(kg·m
2) P(kW) 
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 (6) 
where voltages, vsd, vsq, are constant. Fig. 3a shows the speed 
during the starting transient. 
The objective of the work is to determine the motor parame-
ters with equations (1) where the rotor currents must be elimi-
nated because they are not usually measurable. To do this, the 
first and second derivatives of the current must be obtained. 
However, difficulties arise when real measurements are used 
due to numerical problems caused by the derivative of a noisy 
signal (more details are given in Section III). For this reason, 
the use of a smoothing algorithm becomes necessary. 
II.  SMOOTHING 
To determine the influence of smoothing on the measured 
data and their derivatives, a study based on Simulink-
SimPower Systems Blockset simulation was made. Table I 
shows the parameters of the wound-rotor induction machine 
simulated in a starting transient in this section (Fig. 2). These 
simulations provide the data of the three phase voltages and 
currents and the mechanical speed. Fig. 3a and Fig 4a show 
the mechanical speed, ωm, and the transformed currents, isd, isq. 
For this study a white noise of 35dB was added to the data. 
In an attempt to filter the current, voltage and speed meas-
urements, a smoothing function (smooth) of MATLAB based 
on a Savitzky-Golay filter was used [12][13]. This smoothing 
algorithm performs a moving average with coefficients deter-
mined by an unweighted least-square regression method and a 
polynomial model of a specified degree.  
In this paper data obtained from simulation and measure-
ments are smoothed with the above method considering poly-
nomial of degrees 1 and 2 and 10% of the array data length as 
the smoothing window. 
Ref. [14] recommends to apply the smoothing function a 
minimum of two times if a second derivative is calculated. 
Applying this recommendation, derivatives of simulated speed 
and noisy speed are compared for both degrees in Fig. 3b. The 
first and second derivatives of the simulated transformed and 
noised currents (for degrees 1 and 2) are provided in Fig. 4b 
and 4c. 
As can be seen in Fig. 3 and Fig. 4, there are differences be-
tween the smoothed curves. The approximation based on poly-
nomials of degree 2 fits the mechanical speed and transformed 
currents during the transient; however, in steady state smooth-
ing amplifies the noise, invalidating the values of the deriva-
tives. On the contrary, the polynomial of degree 1 fits the 
steady state and fails during the transient. As a conclusion, the 
smoothing of degree 2 will be used in the transient region and 
the smoothing of degree 1 in the steady-state region. In the 
next sections, a more detailed study is made to quantify the 
error incurred by the numerical derivatives and smoothing.  
III.  LEAST-SQUARE METHOD 
Obtaining motor parameters from the motor dynamic equa-
tions (1) directly is not possible because of rotor currents are 
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Fig. 3. (a) Noisy speed (solid line) and smoothed speed (dotted line) time evo-
lution from simulation (b) First derivative of the simulated speed (solid line), 
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Fig. 2. Simulated currents and voltages during the starting transient of the 
wound rotor machine 






























































out rotor magnitudes becomes necessary. This new set, ob-
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Because rotor fluxes ,
rd rq
ψ ψ are not measurable, a number of 
studies [5-10] use equations like (7) and (8) considering the 
terms ( )/m rqd dtω βψ℘  and ( )/m rdd dtω βψ℘ negligible. A 
contribution of this paper is to introduce an approximation of 
the rotor flux that improves in the estimation procedure signif-
icantly and it takes into consideration the above terms. That is 
the reason for the detailed justification of equations (7) and (8) 
in Appendix I. 
Using the approximation of the rotor flux, 
r
ψ , described in 
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    (14) 
Considering n points in the study, we obtain the following 
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Fig. 4. (a) Currents measured (solid line) and smoothed with degree 1 (dotted 
line) and with degree 2 (dashed line) (b) First derivative of currents with de-
gree 1 (dotted line) and degree 2 (dashed line) (c) second derivative currents 
with degree 1 (dotted line) and degree 2 (dashed line) 
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Which can be rewritten as, 
 Ax = b  (16) 
Using the least square regression method the solution of this 
over determined linear system is 
 ( )-1t tx = A A A b  (17) 
where x = (K1, K2, K31, K32, K4, K5). 
From the parameters obtained with the least-square method, 
(K1, K2, K31, K32, K4, K5), the induction motor parameters can 
be calculated considering the relation between parameters 
Lsd = Lrd, justified in the reference [15]. The following rela-
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IV.  ERROR INFLUENCE ON bd AND bq 
To analyze the influence of the error introduced by the 
smoothed derivatives on coefficients bd and bq of equations 
(13) and (14), terms |bd| and |bq| are defined as 
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Fig. 5 illustrates the relative weight of each of the terms in 
(19). From these results, it can be concluded that the terms that 
have a significant influence are those corresponding to the 
transformed currents, i.e., b0d and b0q. Less important terms are 
those including the first derivatives, and the terms with the 
second derivative are negligible. The most important result 
from this study is that the errors introduced by the smoothing 
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Fig. 5. Relative weight of the polynomial parts 






























































V.  ERROR STUDY 
In Ref. [16], the analysis of studying sensitivity of different 
single-cage model parameters shows that stator resistance has 
a small influence on the torque and current-slip curves. For 
this reason, the parameters of the steady-state equivalent cir-
cuit are bad indicators of the goodness of the method. An al-
ternative is to focus the error study on magnitudes derived 
from the steady-state machine equations which affect the 
torque- and current-slip curves significally, i.e. maximum 
torque ( )mΓ , starting torque ( )sΓ , starting current ( )sI and no-
load current ( )
NL
I . Therefore, the definitions of the errors are  
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A.  Influence of Point Position 
The least-square method usually works with an excess of in-
formation. That is, it uses n points to determine six parameters. 
In order to better comprehend how the regression method 
works, the influence of the position of several measurement 
points is studied using only three points (Minimum number to 
find six parameters, because each point imposes two equa-
tions). 
Fig. 6 shows the torque in a starting transient. Four zones 
(#0, #1, #2 and #3) are delimited: #0 is the interval where the 
electromagnetic transients are significant, #1 includes points 
before the maximum torque, #2 contains points between the 
maximum torque and the steady state, and #3 contains points 
in the steady state regime. In the error study, two points are 
fixed and the other is moved within a range.  
B.  Influence of ( )/m rd dtω ψ  Term  
Fig. 7 shows the influence of the approximation on 
( )/m rd dtω ψ  described in Appendix II on the error in the es-
timated maximum and starting torque. In Fig. 7a the line with 
circles represents the error when the algorithm uses the ap-
proximation that the derivative of the speed is negligible (the 
usual approximation in the literature). In contrast, line with 
diamonds shows the error when the algorithm uses the rotor 
flux approximation. 
In Fig. 7 the fixed points are ω1 = 256 rad/s in #1 and 
ω2 = 314.4 rad/s in #2. The third point varies within the range 
ω3 = (90,317). 
The results obtained from Fig.7 confirm that the approxima-
tion of  ( )/m rd dtω ψ  is a good improvement in the proposed 
algorithm. 
C.  Step-Size Influence 
Step size affects the evaluation of the first and second deriv-
atives, and consequently the estimation of the maximum and 
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Fig. 8. Influence of the step size derivative on the error in the estimated max-

















Point #3 angular speed (rad/s) 
330 250 210 170 130 90 290 
Fig. 7. Influence of the rotor flux approximation on the error in the estimated 
























Fig. 6. Definition of different regions for the error study. 






























































ing torque errors respectively. The lines with squares, dia-
monds and circles show the error for step-size h = 0.1ms, 
h = 1ms and h = 10ms, respectively. All three cases are simu-
lated considering ω1 = 256 rad/s in #1 and ω2 = 314.4 rad/s in 
#2. The third point varies within the range ω3 = (90,317). 
 From the results in Fig. 8, it can be concluded that the step 
size for the derivatives has a little influence on the errors. This 
is due to the use of the synchronous reference frame, where the 
variables vary slowly during the mechanical transient and have 
constant values when steady state is reached. 
D.  Influence of Number of Points  
The strategy of increasing the number of points consists in 
adding progressively up to seven sets of three new points, each 
one in different zone defined in Fig. 6. Fig. 9 shows the errors 
when a different number of points is considered in the estima-
tion of the maximum torque (line with squares), starting torque 
(dotted line with diamonds) starting current (solid line with 
circles) and magnetizing current (solid line). 
The analysis of the results demonstrates that taking a larger 
number of points give reliable results. 
VI.  TRANSIENT MEASUREMENTS 
The method was tested with a wound rotor induction motor 
of rated power 2.2kW, voltage 400V and frequency 50Hz un-
der no-load conditions.  
Fig. 10a illustrates the transient currents isd and isq obtained 
from the measured currents isa, isb, isc, applying the Park trans-
formation of (5) and the curves smoothed with the application 
in Section II with a polynomial of degree 2. Fig. 10b and 10c 
shows the first and second current derivatives. The trans-
formed voltages are not plotted because they have a constant 
value.  
Fig. 11a shows the speed evolution during the transient and 
Fig. 11b contains the first derivative of the speed. As a result 
of applying the proposed estimation method, a set of parame-
ters was obtained and shown in Table II. The values of maxi-
mum torque, starting torque, starting current and no-load cur-
rent calculated with the estimated parameters from the steady-
state equivalent circuit are also included in this table. 
VII.  STEADY-STATE MEASUREMENTS 
In order to validate the results from the above method, 
steady-state torque and current-slip curves were obtained with 
the estimated parameters of Table II. In Fig. 12, these estimat-
ed curves (in solid lines) are compared with steady-state torque 
and current measurements in several slip points obtained in 






































Fig. 11. (a) Speed measured (gray) and smoothed with degree 2 (dashed line) 
and degree 1 (dotted line) (b) first derivative smoothed with degree 1 (dotted 
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Fig. 10. (a) Measured transformed currents (solid line) and smoothed currents 
(dashed line) temporal evolution (b) First derivative of smoothed current (c) 














Number of points 
24 15 12 9 6 3 21 18 
Fig. 9. Influence of equally increasing number of points in three regions on 
the relative error in the estimated maximum torque (solid line), the starting 
torque (dotted line), the starting current (dashed line) and magnetizing cur-
rent (solid line). 































































ESTIMATED PARAMETERS IN OHMS [Ω] 
Method Rs Xsd Xm Rr Xrd 
Transient 1.53 5.09 44.96 2.75 5.09 
Steady-State 1.86 4.94 42.12 2.76 4.94 
 Tm(Nm) Ts(Nm) Is(A) INL(A)  
Transient 55.88 30.77 22.03 4.61  
Steady-State 55.31 31.41 22.36 4.91  
 
From the steady-state measurements, a new set of parame-
ters with the procedure described in [17] can be estimated. 
Table II summarizes the estimated parameters and the main 
characteristics of the steady-state torque and current-slip 
curves obtained with this alternative method. Steady-state 
torque and current-slip curves can be seen in Fig. 12 (in dis-
continuous line). 
VIII.  CONCLUSIONS 
In this paper, a new method to estimate single-cage induc-
tion motor parameters from transient measurements is present-
ed. The estimation procedure is based on the starting transient 
and uses Park variables in the synchronous reference frame 
because this formulation makes data filtering more reliable due 
to the slow variation during mechanical transients and nearly 
constant values in the steady state. 
Furthermore, the paper contributes with an approximation of 
the rotor flux that improves the estimation procedure, and 
studies in depth the errors of the method. 
The parameters estimated by the method are contrasted with 
torque-speed and current-speed measurements in the steady 
state, and good agreement is found. 
IX.  APPENDIX I 
Using the induction motor dynamic equations in Ku varia-
bles the synchronous reference frame, from Eq. (2), and defin-
ing the stator and rotor fluxes as 
 ( )1s s s r r r s
r r r s r
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rotor current can be eliminated and the following equations are 
obtained: 
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 (23) 
These dynamic equations can be rewritten as a system of or-
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The rotor flux from (24) must be eliminated because it can-











where the derivatives are indicated with a dot. By calculating 
the derivative of the first equation, we obtain, 
 
1 1 2 2
x Ax Bx Bx Ev= + + +&&& & & &  (27) 
where coefficients A and E are constant. Using the equations 
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where reordering the results, we have 
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Fig. 12. Measured torque- and current – slip curves for the wound-rotor motor 
(circles) and estimated values with the proposed algorithm (solid line) and 
from steady state (dotted line). 






























































The literature uses the approximation 0B =&  to eliminate x2. 
This paper keeps this term and uses an approximation of x2, 
which is the rotor flux 
r
ψ . Then, the coefficients of (30) are 
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Replacing these coefficients in equation (30), we obtain 
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This equation, expressed in d, q variables, results in equations 
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X.  APPENDIX II 
The rotor flux approximation is obtained from the relation 









= −  (40) 
To demonstrate this relation, the definition of  β in (25) is 
used: 







+ = +  (41) 
and using the definition of ψr in (22) and σ in (25), we obtain, 
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The rotor flux approximation is obtained from the voltage 
stator equation 
 
s s s s s
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and using the approximation for the stator flux in the steady-
state,
s s
v jωψ≈ , we obtain 
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where, separating in d,q fluxes, we have, 
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≈ − ≈ − −  (46) 
Fig. 13a shows the stator fluxes ψsd and ψsq. Note that when 
the electrical transient is finished, the stator flux value is near-
ly constant. On the other hand, Fig. 13b illustrates a great vari-
ability of the rotor fluxes ψrd and ψrq. In Fig. 13c we can ob-
serve that this change occurs when the mechanical speed 
reaches the synchronous speed. 
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Fig. 13. (a) d and q rotor flux behavior in the starting transient (b) d and q 
stator flux behavior in the starting transient. (c) Motor speed evolution in the 
starting transient. 
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